
MRTN-CT-2004-512234
MODNET

Model Theory and Applications

MII.1: Progress Report on PAC-fields, pseudofinite
fields and pseudo-exponentiation

Period number: 1 Due date of deliverable: 30/12/05

Period covered: from 1/01/05 to 30/12/05 Date of preparation: 04/03/06

Date of submission: (SESAM)

Start date of project: 1/01/05 Duration: 48 months

Project coordinator name: David Evans

Project coordinator organisation name: UEA, Norwich, UK.

Organisation name of lead contractor for this deliverable:
Université Paris 7, Denis Diderot.

Project Co-Funded by the European Commission within the Sixth Framework Programme (2002-2006)
Dissemination in level

PU Public
PP Restricted to other programme participants (including the Commission Services)
RE Restricted to a group specified by the consortium (including the Commission Services)
CO Confidential, only for members of the consortium (including the Commission Services)

1



Report on Workpackage MII:

Model theory of fields and applications

In the following, members of Network are identified by an asterisk (*) when
first mentioned; external experts and collaborators who were identified as
having a close involvement with the project in the original proposal are iden-
tified by a double asterisk (**).

Intermediate report on task II.2.a,b)

a) Partners 3, 4: Prove Zilber trichotomy for reducts of pseudofinite fields,
if necessary assuming omega-categoricity.

b) Partner 2: Describe imaginaries in PAC fields, and use this to study
groups interpretable in omega-free PAC fields.

The goal set up in II.2.a has not been achieved, though progress was made
in the PhD thesis of Richard Elwes [El], completed in Leeds in September
2005 under the supervision of Dugald Macpherson∗ (Leeds). The main goal
is to show that any reduct which is not ‘1-based’ interprets the full field
structure. Possible extra assumptions are that the reduct is ω-categorical,
and/or that it contains the additive group of the field.

First, by work of Chatzidakis, van den Dries and Macintyre (1992), pseud-
ofinite fields are ‘measurable’ in the sense of Macpherson and Steinhorn, and
a closely related goal is to show that any ω-categorical measurable structure is
1-based. The thesis of Elwes contains a number of results in this direction, in-
cluding some equations on the intersections of conjugates of a plane curve (in
a measurable ω-categorical structure). These are suggested by Hrushovski’s
earlier work on unimodular strongly minimal sets. However, very recent re-
search of Elwes in Leeds suggests that there is an ω-categorical measurable
structure which is not 1-based (a known structure, obtained by Hrushovski
amalgamation). Details are to be checked. Elwes and Macpherson recently
noted the easy fact that any ω-categorical structure is unimodular (a condi-
tion which also follows from measurability).

In the context of pseudofinite fields, Elwes identified a ω-categorical reduct
of a pseudofinite field which mixes random graph structure with additive
structure, and shows this reduct is ‘random graph minimal’. Also, in [MS],
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shortly to be submitted for publication, it is shown that the (ω-categorical)
Lie geometries (the building blocks of the smoothly approximable structures
investigated by Cherlin and Hrushovski) are interpretable in pseudofinite
fields. In most cases they are reducts, and they are all 1-based.

Elwes and Macpherson are continuing to work on the main task II.2.a,
aiming to show that certain specific kinds of ω-categorical reducts of pseud-
ofinite fields are 1-based. There is a clear strategy, not yet carried out suc-
cessfully.

Concerning II.2.b, Chatzidakis∗ (Paris 7) has shown that in PAC fields
of finite degree of imperfection, after maybe adding some constants to the
language for the elements of a p-basis, imaginaries correspond to finite sets
of basic imaginaries, where a basic imaginary is simply a pair consisting of
a finite tuple e of the field and of an imaginary α of the complete system
of finite groups associated to the Galois group of the field. Some specific
examples (Frobenius fields) are studied more in detail. No progress has been
achieved on the study of definable groups.

Intermediate report on task II.3.a,b

a) Partners 1, 4, 5: Prove pseudo-exponentiation gives an analytic Zariski
structure; likewise expansions by power functions. Find examples from quan-
tum tori and non-commutative geometry. Examples from Hrushovski amal-
gamation.

b) Partner 1: Refute Zilber’s conjecture that complex pseudo-exponent-
iation is exponentiation.

A. Macintyre∗∗ (London) is working towards relating the two dimensions
coming from André’s Conjecture, as used by Bertolin, to those arising in
pseudo-exponentiation. He has also shown the decidability (modulo André’s
conjecture) of expansions of R by 4-ary relations which encode the graphs of
Weierstrass functions (of elliptic curves), together with the real exponential,
and some additional constants. This uses results of Macintyre-Wilkie on
exponentiation, and of Gabriel-Vorobjov.

Some progress was achieved on understanding the connection between
non-commutative geometry, model theoretic stability and the theory of Zariski
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structures. In [Z1] B. Zilber∗ (Oxford) undertakes the case study of two im-
portant examples of ‘non-algebraic’ stable structures. It is shown that the
first of them can be interpreted as the algebraic version of ’the quantum torus
at root of unity’ and the second is closely connected with A. Connes’ quan-
tum torus T 2

q , q a complex number of modulus 1. Both constructions involve
the expansion of the basic structure by additional semi-definable functions
generating an analogue of the corresponding Hilbert spaces. Answering the
question in [Z1] D. Evans∗ (UEA) proves in [Ev] that the model completion
of the expanded theory does exist and at roots of unity the completion is
supersimple.

J. Kirby∗ (Oxford) makes further progress in connecting Hrushovski’s
construction, the theory of special analytic functions and the theory of dif-
ferentially closed fields. In [K] he axiomatises the theories of the exponential
and the Weierstrass differential equations and shows that they can be ob-
tained from amalgamation constructions in the style of Hrushovski.

In regard to (b), the general feeling is now that the conjecture holds, as-
suming maybe Schanuel’s conjecture. A. Wilkie∗ (Oxford) studies the theory
of complex exponentiation and proves that, for generic values of a ∈ R, the
structure of (C, +, ·, xa) is quasiminimal (in preparation). This supports the
conjecture in question. Marker has shown that instances of Zilber’s axioms
pertaining to polynomials in z and exp(z) holds (z a single variable), and P.
D’Aquino∗∗, G. Terzo (Napoli) and A. Macintyre are trying to extend the
result to polynomials involving z and exp exp(z) (but not exp(z)). Their ap-
proach involves using the Henson-Rubel-Nevanlinna method. This has been
leading, in turn, to issues of effectivity in the theory of ideals in group alge-
bras.
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