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Report on Work package MII: Model theory of fields and applications. 
 
In the following, members of the Network are identified by an asterisk (*) when first mentioned; 
external experts and collaborators who were mentioned in the original proposal as having a close 
involvement with the project are identified by a double asterisk (**) 
 
Task II.1: Model theory of fields and applications to algebraic geometry 
 
Report on task II.1.a) 
 
Investigate groups definable in SCF: in particular, whether definable simplicity implies 
simplicity.  
 
There has been much  progress on this question, obtained by E. Bouscaren (**), [Bo].  
 
Precisions on the question: we are given a separably closed field L of finite degree of 
imperfection, and a group definable in L, and which has no proper definable normal subgroup, 
and one wants to show it is simple. E. Bouscaren reduces the question to the case of G(L), where 
G is a linear algebraic group defined over L. This question is naturally linked to classical 
problems, such as the so-called Kneser-Tits conjecture or the classification of L-reductive non-
reductive groups (Tits, Cours au Collège de France, 92-93). E. Bouscaren obtains several 
important partial results, among which:  
 
Theorem: G(L) is definably simple if and only if for every non-negative n, the algebraic group 
P_nG, is L^{p^n}-simple. Here P_n denotes the Weil restriction of scalars functor, from L to 
L^{p^n}.  
 
Theorem: If G is reductive and G(L) is definably simple, then G(L) is a simple group, and G is 
quasi-simple. 
 
The question remains open when G(L) is definably simple although G is not reductive, but all the 
examples we know are such that G(L) is isomorphic, as a group, to H(L') for L' a finite extension 
of L, and H a reductive group over L'.  
 
Intermediate report on tasks II.1 b, c, d, e, f) 
 
Task II.1.b) Develop model theory (e.g., find model companion, prove simplicity, describe 
imaginaries, definable groups, minimal types, non-modular types, induced structure on definable 
sets, etc.) of fields expanded by one or several operators, e.g.: algebraically closed fields with 
(commuting) derivations and/or automorphisms, separably closed fields with stacks of Hasse 
derivations, derivations of the Frobenius, non-standard Frobenius. 
 
Many results were obtained in this task. For convenience we will distinguish the various 
operators studied, and list the corresponding results.  
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Fields with one or several derivations. 
P. Kowalski (*) (ER Contractor 5, SR Contractor 11) and A. Pillay (*) (Contractor 10) 
investigate in [KP1] the theory of algebraic D-groups (in the sense of Buium) and show that they 
eliminate quantifiers. In other words, the projection on G^n of a D-constructible subset of 
G^{n+1} is D-constructible. Among the consequences is that any finite-dimensional differential 
algebraic group is interpretable in an algebraically closed field. 
 
Pillay [P1] worked on Grothendieck's conjecture on the arithmetic theory of differential equations 
and non-linear generalizations. Using work of Bost (**) he reduces the non-linear version to the 
linear version plus a model-theoretic statement. 
 
D. Bertrand (**) and A.Pillay started work on versions of a Schanuel conjecture for semi-abelian 
varieties over function fields. Definitive results are obtained in the "exponential" case, analogous 
to the Lindemann-Weierstrass theorem. This is related to work by J. Kirby on expansions of 
fields by the Weierstrass function associated to an elliptic curve.  
 
At the mid-term meeting in Antalya, D. Pierce (*) (Contractor 13) announced geometric axioms 
(i.e., given in terms of algebraicvarieties) for the model-companion of the theory of fields with 
some finite number of commuting derivations. 
 
Let T be a theory of large fields (in the sense of F. Pop) of characteristic 0, which is model 
complete after naming constants. M. Tressl (**) shows in [T] that the theory of differential fields 
(with n commuting derivations) which are models of T, has a model companion in the natural 
language; he also gives conditions under which it has a model completion. The results in 
particular apply to real closed fields (generalizing the n=1 case of Singer), to p-adic fields, and to 
pseudo-finite fields.  
These results were built on by the Mons group: N.Guzy (*), F. Point (*) (Contractor 7) and C. 
Rivière (*) (ER at Contractor 2, now at Contractor 7). Guzy and Point [GP] show that Tressl's 
results with n=1 extend to theories T of topological fields (which satisfy a modified notion of 
largeness). This applies to certain Henselian valued fields (in which case they obtain an Ax-
Kochen-Ershov theorem), and generalizes an earlier result of Michaux. Subsequent work of Guzy 
and Rivière [GR] gives geometric axiomatizations for some of these model companions (n=1: 
differentially closed fields, or closed ordered differential fields, or the model companion of the 
theory of Henselian differential fields).  
Rivière shows in [R1] that the theory of m-ordered differential fields (i.e., fields equipped with m 
independent orderings and one derivation) gives a geometrical axiomatization. In [R2], he gives 
an explicit geometric axiomatization of the model completion of the theory of real closed fields 
with n commuting derivations, by generalizing a construction of M. Singer done in the case of a 
single derivation. In [G1], Guzy proves the valued analogue of Singer's Theorem about closed 
ordered differential fields. In [G2], Guzy proves a quantifier elimination result for valued D-
fields in a language developed by F. Delon in her thesis. In [G3], Guzy extends the results of 
Tressl on uniform companion for large differential fields of characteristic 0 to henselian valued 
differential fields and gives some applications. In [G4], he proves a Hilbert's 17th problem 
theorem and an approximation theorem in the style of Greenberg in the case of discrete D-valued 
fields in the sense of T. Scanlon.  
Guzy and Tressl are currently working on a unification of the pure field case with the henselian 
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valued field case, in order to obtain model complete, large differential fields expanded by 
integrally closed domains.  
 
In [BMR] and [R3], T. Brihaye (*), C. Michaux (*) (Contractor 7) and Rivière investigate a 
differential generalization of classical results from o-minimality. In particular they prove a 
theorem of cell decomposition for closed ordered differential fields, which allows them to 
develop a dimension theory for these fields. They also show how to use this cell decomposition to 
recover the Kolchin polynomial defined in differential algebra. This polynomial describes in a 
more precise way the behaviour of finitely generated differential field extensions. 
Difference fields  
Kowalski and Pillay investigate in [KP2] sigma-algebraic groups. They introduce the categories 
of algebraic � -varieties and � -groups over a difference field (K,� ). Under a ``linearly � -closed" 
assumption on (K, � ) they prove an isotriviality theorem for � -groups. This theorem immediately 
yields the key lemma in a proof of the Manin-Mumford conjecture. The paper crucially uses 
ideas of Pillay and Ziegler (2003) but in a model theory free manner. The applications to Manin-
Mumford are inspired by Hrushovski's work (2001) and are also closely related to papers of Pink 
and Roessler (2002 and 2004). 
 
In connection with his work on the Frobenius [H], Hrushovski (**) obtains new results 
concerning difference valued fields. These differ from the valued difference fields studied by 
Scanlon,  primarily in that the endomorphism does not fix the value group:  on the contrary, it 
acts as a rapidly increasing map. This leads to a very singular analogy with the classical theory of 
discrete valuations. A satisfactory structure theory can be obtained, especially for the 
completions. Extensions of such fields of finite transcendence degree can be described in terms of 
inertial and totally ramified extensions, and the completion process; there are no other immediate 
extensions.  As a result, the sum of the inertial transcendence degree extension and the 
ramification dimension is a good invariant. This valuative dimension can be used in estimates of 
sizes of Frobenius specializations. Using essentially the model theory of valued fields, it is 
possible to construct modified Grothendieck groups that reflect geometric moving lemmas and 
principles of continuity.  This has been difficult to achieve in model theory in the past. This work 
is also connected to task II.2.f) below. 
 
Separably closed fields, Hasse derivations 
F. Delon (*) (Contractor 2) is currently studying abelian varieties in positive characteristic, and in 
particular the divisible hull of the rational points of such a variety in a separably closed field 
which is not algebraically closed and has finite degree of imperfection. In [BD], F. Benoist (*) 
(ER, Contractor 6) and F. Delon  construct abelian varieties which are not very thin. Both these 
problems are connected to the proof of the Mordell-Lang (function field) conjecture in positive 
characteristic. 
 
Kowalski develops in [Kow1] and [Kow2] the model theory of fields with Hasse derivations, and 
the model theory of fields with derivations of the Frobenius: he gives geometric axioms, and 
describes the intermediate theories.  
 
Kowalski also started work on generalization of Ax's result on Schanuel conjecture for function 
fields to the characteristic p case and Hasse derivations: certain type-definable in SCF subgroup 
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of products of commutative algebraic groups impose Schanuel-type inequalities. This is also 
connected with differential Galois theory in positive characteristic.  
 
Task II.2.c) Extend model theory of Buium's D-varieties to difference varieties (ACFA) and 
Hasse D-varieties (SCF). 
 
Benoist announces in [Ben] several results, in particular: a description of infinitely definable 
groups in Hasse fields, with emphasis on multiplicative subgroups, and a generalization of 
Buium's D-structure in positive characteristic.  
 
Kowalski and Pillay study in [KP3] the model theory of iterative Hasse differential fields in 
positive characteristic, and proves uniqueness of D-structures on projective varieties.  
 
Task II.2d) Investigate D-groups in differential Galois theory (non-linear case), making the 
connection with the Malgrange construction of the Galois groupoid of a foliation. Calculate the 
groups for classical equations (eg Painlevé equations). Sharpen Hrushovski's effective 
determination of the Galois group of a linear differential equation (improve the bound on the 
order of tensor powers). Similar questions for difference Galois groups (e.g., of q-difference 
equations). Connections with the difference Galois theory developed by Singer and Van der Put.  
 
D. Bertrand (**) proves in [Be1] the q-analogue of a fundamental lemma occurring in the 
theorem of Siegel-Shidlovsky on algebraic independence of values of hypergeometric equations. 
The functions studied lie in the q-difference Picard-Vessiot algebras constructed by van der Put-
Singer. 
 
Bertrand give in [Be2] a proof of algebraic independence of generalized logarithms, as a 
corollary to the study of the differential Galois groups attached to families of one-motives.  
 
C. Hardouin (**) studies in [Ha] the Galois structure of iterated extensions of differential 
modules. This concerns the determination of the Galois group G_L of an LDE Ly = 0. A direct 
link is provided between possible degeneracies of the unipotent radical of G_L and splittings of 
L. The same methods are applied to difference equations, with a striking corollary on the 
hypertranscendency of their solutions in the case of rank 1. Thus here again, one sees two 
commuting operators (this time not both differential) playing an unsymmetric role, with the 
outcome that a difference Galois group is used to study independence of derivatives of a function. 
 
M. Kamensky (*) (ER, Contractor 1) extends in [Ka1] the construction of definable groups of 
automorphisms  (under the assumption of internality) to automorphisms preserving only  
quantifier free formulas, and uses this to give a model theoretic construction of the Galois group 
of a linear difference equation over an arbitrary field, thus generalising the construction of Singer 
and Van der Put.  
 
Chatzidakis (*) (Contractor 2), Hardouin (**) and Singer investigate in [CHS] several definitions 
of Galois groups of linear difference equations occurring in nature: those which have arisen in 
algebra, in analysis and in model theory. They show that these groups are all isomorphic (over 
suitable extension of the base field by constants). They also study the behaviour of Picard-Vessiot 
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extensions as introduced by Singer and Van der Put, and describe some invariants associated to 
them. These results do not assume that the field fixed by the automorphism is algebraically 
closed.  
 
Hrushovski and Point (*) worked on difference Bezout rings, where they look at decidability and 
definability questions in the class of existentially closed models. See [HPo] and [Po]. Examples 
of such rings include a particular universal Picard-Vessiot extension described by Singer and Van 
der Put.  
 
Taks II.2.e) Apply model theory to the study of special points of abelian and Shimura varieties, in 
the style of the Manin-Mumford theorem and André-Oort Conjecture.  
 
The generalized Mordell-Lang conjecture (GML) is the statement that the irreducible components 
of the Zariski closure of a subset of a group of finite rank inside a semi-abelian variety are 
translates of closed algebraic subgroups. McQuillan gave a proof of this statement. Roessler (*) 
revisits his proof in [Ro1], indicating some simplifications.The paper contains a complete 
elementary proof of the fact that (GML) for groups of torsion points (= generalized Manin-
Mumford conjecture), together with (GML) for finitely generated groups  imply the full 
generalized Mordell-Lang conjecture. The proof uses an automatic uniformity principle due to 
Hrushovski. 
 
In an article with R. Pink, D. Roessler gave a short proof of the Manin-Mumford conjecture, 
which was inspired by an earlier model-theoretic proof by Hrushovski. Their proof uses a 
difficult unpublished ramification-theoretic result of Serre. In [Ro2], Roessler shows how the 
proof of Pink-Roessler can be modified so as to circumvent the reference to Serre's result. J. 
Oesterlé and R. Pink contributed several simplifications and shortcuts to this note. 
 
Task II.2.f) Continue the study of difference algebraic geometry: difference schemes, varieties, 
blow-ups, (co-)homology groups etc. 
Some progress in this direction appears in the work of Hrushovski [H] described above.  
 
Intermediate report on task II.4 Motivic integration  
Develop a theory of motivic integration with parameters and a sensible theory of constructible 
motivic functions. 
 
Cluckers (**) and Loeser (**) develop in [CL2] a general framework for tame geometry, called 
b-minimality, which is able to describe the model theory of all p-adic fields (thus including finite 
field extensions of the fields of p-adic numbers), and more generally of Henselian valued fields 
of characteristic zero. Several expansions of such fields are also b-minimal, like expansions with 
restricted analytic functions, which is proven by Cluckers, Liphitz, Robinson (b-minimality is 
somewhat similar to the notion of v-minimality introduced by Hrushovski and Kazhdan in [HK]). 
 
Cluckers and Denef (**) study in [CD] orbital p-adic integrals. Hrushovski, by his work on 
groupoids, announced a generalisation of their result.  
 
Cluckers, Lipshitz, Robinson [CLR1] and [CLR2] extensively study the subanalytic case of p-
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adic integrals and uniformity questions. They lay the basis for motivic integration in a subanalytic 
context, and thus motivic integration in any of its meanings can be studied in a motivic context 
by their work on cell decomposition. The notion of b-minimality by Cluckers and Loeser and of 
v-minimality by Hrushovski and Kazhdan generalize the subanalytic case to an abstract setting in 
which motivic integration is also possible but yet to be explored further. 
 
Luck Darnière (**) obtained such a triangulation of p-adic definable sets, and has written a 
preprint (not yet available). He redoes big parts of the proof by Cohen -Denef of cell 
decomposition and of Cluckers of rectilinearization to obtain his triangulation. 
 
Cluckers and Loeser extensively studied in [CL3] additive characters on p-adic numbers  and also 
uniformly in p, thus motivically. The study of the exponential on the p-adics with p-adic values 
needs further study. Cluckers and Loeser however were able to calculate general p-adic and 
motivic integrals with this additive character. Schanuel's conjecture needs to be explored more in 
a p-adic context.   
 
Cluckers studied intensively p-adic exponential sums in [C2], obtaining partial answers to big 
open questions by Igusa from the seventies. Hrushovski and Kazhdan [HK] subsequently also 
studied motivic integrals with a motivic additive character and obtain similar results. 
 
Hrushovski (**) and Kazhdan [HK] provide another point of view on motivic integration, Let F 
be a valued field of residue characteristic 0. An F-semi-algebraic set (in the context of valued 
fields) is a subset of a variety over F, defined by finitely many valuation inequalities. They 
analyse the isomorphism classes of semi-algebraic sets up to semi-algebraic bijections, and in a 
sense that will be explained, also up to measure-preserving semi-algebraic bijections. This allows 
them to recover and generalize the theories of motivic integration of Denef, Kontsevich, Denef-
Loeser, Cluckers-Loeser, in a completely geometric setting (in particular, allowing for the first 
time direct comparison of integrals over different finite extensions of a local field.) Other new 
features include: 
 
(1) The value group is arbitrary, not necessarily Z, and in particular higher-dimension local fields  
are included (as studied by Fesenko.)   
(2)  The values of the integrals have coefficients in the Grothendieck group of varieties with 
volume forms over the residue field k, rather than the Grothendieck group of varieties.  These 
finer invariants permit a further integration, if for instance k is itself a local field. 
 
Further work of N. Avni and Hrushovski  clarifies the nature of the Grothendieck group of the 
valued group. This connects to earlier work by J. Marikova and others but here the group 
SL_n(Z) replaces the SL_n(Q). 
 
Intermediate report on task II.5: Weil Cohomology  
Taks II.5a) Examine non-standard Weil cohomologies. 
No significant progress has been reported by members of the network,  
 
Task II.2.5.b)  Connections of non-standard Frobenius with conjectured semisimplicity of action 
of Frobenius on Weil cohomology.  
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No significant progress has been reported by members of the network,  
 
Task II.2.5.c) Determine in which cases the p-th cohomological dimension of a field is an 
elementary invariant of the field.  
 
In collaboration with his Ph.D. student Frank Laubner, Koenigsmann (*) (Contractor 6) partly 
answers this question: using Voevodski's proof of the Milnor conjecture they give a positive 
answer for p=2. 
 
Important work of J. Koenigsmann in [Koe1] on Galois groups is indirectly related to this task. 
Among other purely algebraic results, he proves there the birational section conjecture for all 
local fields of characteristic 0. This conjecture says that any section of the canonical epimorphism 
from the Galois group of the function field of an algebraic K-curve onto the Galois group of the 
constant field K comes from a K-rational point on the curve. The proof makes essential use of 
model theory. In two other papers ([Koe2] and [Koe3]), he shows that almost any perfect field K 
is up to isomorphism determined by the Galois group of the rational function field K(t) over K. 
Unwinding the proof and making all occurring bounds explicit he obtains a model theoretic 
effective variant of this result: almost any perfect field K is bi-interpretable with the Galois group 
of K(t) over K. Here one considers the field K in the first-order language of fields and the Galois 
group in an adaptation of the language for profinite groups developed by Cherlin-van den Dries-
Macintyre and Chatzidakis. The hope is that this bi-interpretability result can be used to prove 
long-standing decidability problems: the decidability of F_p((t)), the undecidability of C(t) and 
the existential undecidability of Q. 
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