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Report on Workpackage MII: Model Theory of Fields

In the following, members of Modnet teams are identified by an
asterisk (*) when first mentioned; Modnet fellows are indicated by
a double asterisk (**); external experts and collaborators who were
identified as having a close involvement with the project in the original
proposal are identified by a triple asterisk (***).

II.2: PAC fields and finite fields

a) Prove Zilber trichotomy for reducts of pseudofinite fields, if nec-
essary assuming omega-categoricity.

b) Describe imaginaries in PAC fields, and use this to study groups
interpretable in omega-free PAC fields.

No substantial direct progress has been achieved on questions a) and
b) during this period, the work is still in progress and will be reported
on more fully in the last report. Results in neighbouring areas which
may have some impact on the solution of the original questions have
however been obtained, and we report on these.

O. Beyarslan** (Paris 7, Modnet ER) has shown that one can inter-
pret (uniformly) the random n-hypergraph in any pseudo-finite field.
The proof uses sophisticated tools of Galois theory of PAC fields. This
result can be generalized to other classes of PAC fields, and appears
in [B1] (connected to II.2.a). In collaboration with Hrushovski***
(Jerusalem), she also studies the automorphism group of pseudo-finite
fields, and obtains results connecting the existence of elements of finite
order with the presence of certain roots of unity. This work is still in
progress [B2].

Progress has been made by I. Halupczok*** (ENS-Ulm) in under-
standing definable sets of PAC fields. Several invariants of definable
sets of pseudo-finite fields have been generalized to other PAC fields,
namely the measure of Chatzidakis, van den Dries and Macintyre, and
the motive associated to a definable set by Denef and Loeser. In addi-
tion, new maps between the Grothendieck rings of different PAC fields
have been discovered. It is probable that these new maps may reveal a
lot of information about the involved Grothendieck rings. This has still
to be investigated. The new results appear in papers [H1] and [H2].
This is also connected to II.4.

II.3: Fields with Pseudo-exponentiation, and analytic ex-
pansions of the complex numbers.
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a) Prove pseudo-exponentiation gives an analytic Zariski structure;
likewise expansions by power functions. Find examples from quan-
tum tori and non-commutative geometry. Examples from Hrushovski
amalgamation. b) Refute Zilber’s conjecture that complex pseudo-
exponentiation is exponentiation

II.3 (a): in a joint work of Zilber* (Oxford) with Juan Diego Caycedo
Casalas** (Oxford, Modnet ESR) it has been proved that the Hrushovski
construction in a special class leads to a superstable theory inter-
pretable in the complex exponentiation. This is a variation of the
structure which Poizat called ‘the green field’, we call ours ‘the emer-
ald field’. The emerald field interprets the quantum 2-torus (paper in
preparation).

II.3 (a): in Chapter 6 of [Z], Zilber* (Oxford) discusses analytic
Zariski geometries and the field with pseudo-exponentiation under the
assumption that this is analytic Zariski. It proves a series of corollaries
of this assmption, in particular, that the pseudo-exponentiation and
other functions defined in the structure have uniquely defined Taylor
expansion. This is a partial progress towards proving that the pseudo-
exponentiation is analytic Zariski.

J. Kirby* (Oxford) has made progress on understanding exponenti-
ation. In his thesis, under the supervision of B. Zilber, he axiomatised
the theories of differential equations arising from the usual exponential
function of a torus, and also the exponential maps of abelian varieties,
and products of abelian varieties and tori. He showed that the theories
can be obtained from Hrushovski-style amalgamation constructions. In
[K3], he extends this analysis to the exponential differential equations
of any semiabelian variety. As a by-product, a weak (but nonetheless
very useful) form of Zilber’s “Conjecture on Intersections with Tori”
is obtained, in the full generality of semiabelian varieties. This is an
important tool in understanding the first order theory of all forms of
exponentiation, and in particular in showing that they are analytic
Zariski structures, but is also directly related to MODNET Task II.1
e).

Building on this work, in [K1] Kirby (Oxford) shows that models of
the same theory are obtained from both complex exponentiation and
from pseudo-exponentiation by blurring the exponential maps. Using
also an extension of the Shelah / Zilber theory of quasiminimal excel-
lent classes [K2], he shows that these two blurred exponential fields are
isomorphic. The “geometric” part of the conjecture of Zilber above fol-
lows. This is further evidence that the full conjecture is true (II.3.(b))
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