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Report on Workpackage MIII:

o-minimality and applications

In the following, members of Network are identified by an asterisk (*) when
first mentioned; external experts and collaborators who were identified as
having a close involvement with the project in the original proposal are iden-
tified by a double asterisk (**).

Intermediate report on task III.2.a,b

Task III.2 (a) Partners 9, 11, 12: Prove Pillay’s conjecture that every
d-dimensional group G definable in a saturated o-minimal structure has a
largestLie quotient H (with the logic topology), that if G is definably compact
then Hhas dimension d and that if G is commutative, then His torsion-free
divisible.

Task III.2 (b) Partners 9, 11, 12: Prove the existence of an analogue
of Haar measure for definably compact groups definable over an o-minimal
expansion of a field.

We can report a completion of both tasks:
In [1], Berarducci∗∗ (Pisa), Otero∗∗ (Madrid), Peterzil∗ (Haifa) and Pillay∗

(Leeds) proved: If G is a definable group in a saturated o-minimal struc-
ture then G has no infinite descending chain of type-definable subgroups of
bounded index.

Later on, Shelah∗∗ (Jerusalem) [13] extended the result and proved that
if G is a definable group in any theory without the independence property
then G has a minimal type-definable subgroup of bounded index.

In a subsequent paper ([7]) Peterzil and Pillay analyzed the definable
generic sets of definably compact groups in o-minimal expansions of real
closed fields. They showed that the complement of a non-generic set in a
definably compact group is generic, thus laying the foundations to a possible
left-invariant measure on definable subsets of definably compact groups.

The proof of the full conjecture and the existence of such a left-invariant
measure was completed by Hrushovski∗∗ (Jerusalem), Peterzil and Pillay in
[6]:

Let G be a definably compact group in a saturated o-minimal expansion
of a real closed field. Then,
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(i) there is a definable surjective homomorphism π : G → H from G to a
compact Lie group H such that the Lie group dimension of H equals the
o-minimal dimension of G, and moreover such that any definable homomor-
phism from G onto a compact group factors through π. (By a definable
homomorphism we mean a group homomorphism such that the pre-image of
any closed set is type-definable);
(ii) there is a left-invariant, finitely-additive measure on all definable sub-
groups of G.

An important ingredient in the proof of the result is a previous work
of Edmundo∗∗ (Lisbon) and Otero ([4]) on the number of torsion points in
definably compact commutative groups.

The proof of the theorem connects different notions from model theory,
such as the model theoretic non-independence property (currently the sub-
ject of extensive investigation by Shelah and others), amenable groups and
a new notion of “compact domination” (a domination of a definable set by
a compact space). It also formulates new questions on definably compact
groups.

Intermediate report on task III.3.a,b,c

Task III.3 (a) Partners 3, 4, 7: Prove cell decomposition theorems for
natural weakly o-minimal classes (eg expansions of o-minimal structures by
a valuation ring); classify thedefinable simple groups in these.

We can report here progress by R. Wencel∗ (Marie Curie Fellow, Leeds) as
follows: In [14] several results concerning the topological dimension for sets
definable in weakly o-minimal structures are proved. These include: (a) in-
variance of dimension under injective definable maps; (b) characterization of
weakly o-minimal structures in which the topological dimension has so called
addition property. The paper lays the foundations for the study of groups
definable in arbitrary weakly o-minimal structures. In [15] Wencel studies
weakly o-minimal “non-valuational” structures expanding ordered groups. A
cell decomposition is proved and then used in order to construct a canonical
o-minimal extension of a weakly o-minimal non-valuational structure.

Task III.3 (b) Partner 3: Calculate VC dimension and density for P-
minimal and C-minimal structures (in particular, the p-adics and ACVF).
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While no progress can be reported on the calculaion of VC-dimension
and density in P-minimal or V-minimal structures, progress has been made
in the study of C-minimal structures in general and ACVF in particular.

In [5], Hrushovski∗∗ and Kazhdan (Jerusalem) develop the theory of C-
minimality and introduce a new related notion of V-minimality. Many results
are proved on orthogonality between different definable sets, stability of sets,
differentiability of definable functions, leading ultimately to motivic applica-
tions (Task II.4).

Task III.3 (c) Partner 7: Prove cell decomposition, obtain invariants for
definable sets, in ’jet-o-minimal’ structures.

The work performed on this task was all done in the framework laid out
in the Phd thesis [9] of Cédric Rivière (Modnet ER, Paris 7).

In this work it is shown that the theory CODF of closed ordered differ-
ential fields can be seen as a ”jet o-minimal” theory. For this one adapts
methods from o-minimality and defines a notion of δ-cell which leads to a δ-
cell decomposition theorem for the definable sets in CODF . This allows the
definition of a natural δ-dimension for the class of definable sets in CODF . A
similar δ-cell decomposition is expected in the case of ordered fields equipped
with m commuting derivatives and a first step in this direction is carried out
in [10], where the density of the jet-spaces is proved, as in the case of a
single derivative. Another direction of investigation for theories of ordered
differential fields with cell decomposition has begun in [11].

In [12], cell decomposition is used in order to make a link is made with
the notion of a Kolchin polynomial. It is also shown that any definable set
in CODF has finitely many d-connected components. Some related work is
also carried out in [2] and [3].
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