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Report on Workpackage MIII:

O-minimality and applications

In the following, members of the Network are identified by an asterisk (*)
when first mentioned; external experts and collaborators who were identified
as having a close involvement with the project in the original proposal are
identified by a double asterisk (**).

Intermediate report on task III.1.a

Task III.1 (a) Partners 11, 12 : Develop homology and cohomology theories
in o-minimal expansions of real closed fields.

We can report the following results:

In recent work by M. Edmundo**, G. Jones (former PhD student, Con-
tractor 5) and N. Peatfield, cohomology theories have been constructed for
o-minimal structures.

Simplicial and singular cohomologies were constructed in o-minimal ex-
pansions of fields by A. Woerheide in his doctoral thesis, a report of which
can be found in [17]. A sheaf cohomology without supports has been con-
structed in [12] for o-minimal structures, which generalised the sheaf coho-
mology without supports for real algebraic geometry of Delfs, for which he
proved the homotopy axiom in [9]. A sheaf cohomology with supports has
been constructed in [13] for o-minimal structures generalizing the existence of
sheaf cohomology with supports in semi-algebraic geometry, as described in
the book [10]. These theories generalize the corresponding theories in topo-
logy.

Applications of this work to definable groups were obtained in [14] and
[15] using the o-minimal Cech cohomology theory from [16].

A. Berarducci**, in [1], investigates the so-called o-minimal spectrum G̃
of a definably compact group G in o-minimal expansions of real closed fields.
Following the solution of Pillay’s conjecture for such groups (see [18] and
Modnet Report MIII.1), it is now known that G/G00 is isomorphic to real Lie
group of the same dimension as G (where G00 is the minimal type-definable
subgroup of bounded index). Berarducci shows in his work that G/G00 is a
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topological quotient of G̃. He thus obtains a natural homomorphism from
the cohomology of G/G00 to the (Cech) cohomology of G̃.

Intermediate report on task III.1.b,c

Task III.1 (b) Partners 1, 5, 11: Effective model completeness of fields
related to the reals with exponentiation (possibly modulo number theoretic
conjectures)

We can report the following related results:
In [23], A. Macintyre** investigates expansions of the real field by certain

elliptic functions, mainly the Weierstrass ℘-function. The main result here,
for some very concrete lattices in C, is the decidability of the real field ex-
panded by the corresponding ℘-function, modulo Andre’s Conjecture. This
uses results by Bertolini on transcendence estimates which follow from An-
dre’s Conjecture.

In [24], Macintyre shows that the real and imaginary parts of these ellip-
tic functions are themselves Pfaffian functions, an important tool in further
understanding of the above o-minimal structures.

In [25] Macintyre generalizes the study of elliptic curves and their asso-
ciated ℘-function and investigates linear Lie groups, together with a (pos-
sibly partial) exponential map into their Lie Algebra. He proves, assuming
Schanuel’s Conjecture, that SO(n, R), equipped with such partial exponen-
tial map, is decidable. He then formulates similar general conjectures for
other Lie group.

Related work on o-minimal expansions of the real field

A. Wilkie* (Contractor 5) has recently investigated expansions of poly-
nomially bounded o-minimal structures by a 1-generated subgroup of the
multiplicative real group. In still unpublished paper he shows:

Assume that M is any o-minimal, polynomially bounded expansion of
the real field in which no function of the form x 7→ xα, for irrational α, is
definable, then the theory of 〈M, G〉 is model complete, where G consists of
the powers of 2 (or of any fixed real number greater than 1).

This theorem generalizes work of van den Dries [11] on expansions of the
real field by similar subgroups. It has some interesting applications. For ex-
ample, since the function x 7→ sin(log x) (for positive arguments) is definable
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from restricted sine and the powers of e2π, it follows that the expansion of the
real field by sin(log x) is model complete. By adding further the restriction of
the exponential function to the unit interval, one can define the many valued
complex function zi. Using these ideas, Wilkie shows that the expansion of
the complex field by the function zi is quasi-minimal (namely, every definable
subset of C is either countable or its complement is countable).

In another work on o-minimal expansions of real closed fields, Wilkie
and Jones ([19]) analyze locally polynomially bounded o-minimal structures
(roughly said, these are model complete expansions of real closed fields whose
basic functions have the property that the expansion of the field by their
restriction to bounded boxes is polynomially bounded). As a corollary of this
analysis they prove that every definable closed set in a locally polynomially
bounded expansion of the real exponential field is the zero set of a definable
C∞ function.

An important problem in the theory of polynomial vector fields is given
by Hilbert’s 16th problem, part 2 (traditionally split into three parts):
(1) Does a polynomial vector field on the real plane have only finitely many
limit cycles (a limit cycle is an isolated closed orbit of the vector field)?
(2) Is the number of limit cycles of a polynomial vector field bounded by a
constant depending on the degree of the polynomials only?
(3) How does such an upper bound explicitly look like?

Question 1 (also referred to as Dulac’s problem in the literature) was
proven (after a long history of wrong proofs) at the beginning of the 90’s
independently by Ilyashenko and Écalle. Question 2 and 3 are still open. At
the heart of Ilyashenko’s proof is the analysis of the Poincaré map (i.e. the
first return map) of a polycycle of the given vector field.

In joint work of Kaiser**, Rolin** and Patrick Speissegger, [22], they
show that this Poincaré map is definable in an o-minimal structure under
the assumption that the singular points of the polycycle are non-resonant
hyperbolic saddles. As an application of this result some contribution to
question 2 was obtained.

In another direction of research, Kaiser considers some definability ques-
tions surrounding the Riemann Mapping Theorem. In [21] he shows that
the Riemann map is definable in the above o-minimal structure under some
assumptions on the angles of the boundary of the given domain at singular
boundary points. As an application he shows that the Schwarz-Christoffel
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maps or certain hypergeometric functions are definable in that o-minimal
structure.

In another work [20], Kaiser considers the Laplace equation and its first
boundary value problem, the Dirichlet problem. Starting with semianalytic
raw data in the real plane (i.e. with a bounded semianalytic domain and a
semianalytic continuous function on the boundary) he considers in [20] the
Poisson equation (i.e. the inhomogeneous Laplace equation) in the case of
smooth domains. In [21] he was able to extend the results for the Laplace
equation resp. the Dirichlet problem to domains with singularities: He shows
there that the solution to the Dirichlet problem is definable in an o-minimal
structure under the same assumptions on the angles as in the Riemann map-
ping theorem above.

Work of A. Rambaud* (Contractor 2) addresses the following problem.
Let F be a ring of real functions, vanishing outside a certain compact box,
which contains the indicator functions of all compact boxes and which is
closed by compositions, rational powers, implicit functions and factoriza-
tions by monomials. We only consider classes F which are quasi-analytic, it
means that every function of F , C∞ around 0, either vanishes around 0, or
has a partial derivative different from 0 in 0.
For such a class F , we denote by L the language of ordered fields with ratio-
nal powers, which contains too a symbol for each function of F . In L, let T
be the union of:
1) the theory of ordered rings
2) the simple diagram of R
3) the universal formulas, which define the indicator functions of compact
boxes, rational powers, implicit functions, factorizations by monomials, the
boundness of the functions of F on a compact box.
Rambaud proves that T is equivalent to the complete theory of R in L and is
model-complete; as T is universal, T admits quantifier elimination. Further-
more, T is o-minimal and admits cell decompositions locally given by some
terms of F . (All these results are in [26]; an abstract is given in [27])

These results are extended to some classes of non quasi-analytic functions
by defining a notion of representable functions and considering well-closed
(like above) classes of representable functions, which satisfy a condition of
non-degeneration (equivalent to quasi-analycity in the former case); these
classes of representable functions include notably every well-closed (by the
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same operations) class of functions, C∞ on an open bounded box, continuous
on the closure of this box and which satisfies the non-degenerative condition.
In these classes, Rambaud obtains, like in [26], results of o-minimality and of
quantifier elimination, which imply good properties of cell decompositions.
(The abstract of this part will be available in [28])

The work of Marcus Tressl** combines o-minimality considerations with
valuation theory.

In [32] he constructs a “pseudo completion” of an o-minimal expansion
of a real closed field, with respect to a set V of Th(R) convex valuation
rings. For a polynomially bounded o-minimal structure one can iterate the
construction of the pseudo completion in order to get a “completion in stages”
with respect to V . For pure real closed fields, this answers a question of
Ribenboim on the existence of a completion in stages of valued fields.

As a key tool for the proofs we develop a coarsening of the ordinary
dimension in o-minimal structures, the so-called realization rank: A finite
tuple a = (a1, ..., an) is independent over a model M w.r.t. the realization
rank if and only if the n-type of a over M is orthogonal, i.e. only depends on
the sequence of 1-types tp(ai/M).

In [33], Tressl considers the first order theory of a polynomially bounded o-
minimal expansion of real closed fieldM (with an archimedean prime model)
by a convex and unbounded subset C. The key tool in the proofs is the
analysis of heirs of 1-types as done in [34].

In [35] Tressl characterizes heirs of the above orthogonal types, in a poly-
nomially bounded o-minimal structure M. From this, we deduce various
structure theorems for subsets of Mk, definable in the expansion M∗ of M
by all convex subsets of the line. For example he obtains the curve selection
lemma in M∗. Moreover he obtains a model completeness result for M∗. An
interesting conjecture in this regard is: All externally definable subsets of Mn

are definable in M∗ (vast generalization of the Marker-Steinhorn Theorem)
The explicit determination of heirs in o-minimal structures contains a

huge amount of algebraic and model theoretic information about the struc-
ture: E.g. the determination of heirs of 1-types implicitly contains the
Marker-Steinhorn Theorem and the valuation property.

Task III.3 Generalizations of o-minimality.

A group of people from Contractor 2 (Paris 7) are working around tri-
chotomy in C-minimal context. We can report the following progress:
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1. Maalouf* (ESR, Contractor 2) succeeded in constructing a C-group in
any omega-1 C-minimal structure with exchange property and with locally
modular non trivial geometry.

2. In the context where one weakens the C-relation to a U-relation by al-
lowing the topology not being continuous, isolated points are possible. Then
Maalouf has classified U-minimal valued vector spaces up to elementary
equivalence, and Delon* and Simonetta* (Contractor 2) are achieving the
classification of Abelian U-minimal valued groups.

A report on results relating to III.3(c) (jet o-minimality) in the first period
was already included in MIII.1 . During the second period, work on jet o-
minimality and ordered differential fields was mainly continued by Rivière*
(Contractor 7), in the spirit of [7] and in the continuation of the work he did
during his Modnet postdoctoctoral grant at Contractor 2, [29], [30], [31].

In [2], [3] and [4], Thomas Brihaye* (contractor 7) in collaboration with
researchers outside the MODNET network (ENS Cachan) investigated games
on o-minimal structures in the spirit of previous work (see [5], [6] [8]).
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