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Report on Workpackage MIII:

o-minimality and applications

In the following, members of Modnet teams are identified by an asterisk
(*) when first mentioned; Modnet fellows are indicated by a double asterisk
(**); external experts and collaborators who were identified as having a close
involvement with the project in the original proposal are identified by a triple
asterisk (***).

Intermediate report on task III.2.a,b

Task III.2 (a) Partners 9, 11, 12: Prove Pillay’s conjecture that every
d-dimensional group G definable in a saturated o-minimal structure has a
largestLie quotient H (with the logic topology), that if G is definably compact
then Hhas dimension d and that if G is commutative, then His torsion-free
divisible.

Task III.2 (b) Partners 9, 11, 12: Prove the existence of an analogue
of Haar measure for definably compact groups definable over an o-minimal
expansion of a field.

As was already reported in MIII.1, both tasks were completed during the first
year of the project. Below we report subsequent work on definable groups in
o-minimal structures.

0.1 Following the solution to Pillay’s conjecture

The solution to Pillay’s conjecrure (see [22] for the conjecture) paved the way
to several different directions of research:
1. The compact domination conjecture.

Recall that Pillay’s conjecture states the following: If M is an o-minimal
structure and G is a definably compact group in M then there exists a mini-
mal type-definable group G00 ⊆ G such that H = G/G00, equipped with the
Logic Topology, is isomorphic to a compact Lie group of the same dimension
as G.

In [17], where the final step in the solution to Pillay’s conjecture appeared
(under the assumption that M expands a real closed field), a new conjecture,
regarding the nature of the projection map π : G → H was formulated. It is
called the Compact Domination Conjecture:
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For every definable X ⊆ G, the set

{h ∈ H : π−1(h) ∩X 6= ∅& π−1(h) ∩Xc 6= ∅}

has measure zero.
It was shown in [17] that a solution to the conjecture yields answers to

questions about the distribution of torsion points in G. E.g. it implies that
every definable group-generic set contains a torsion point.

In [18] Hrushovski*** (Jerusalem) and Pillay* (Leeds) give a solution to
this conjecture, for abelian groups, following a deep analysis of the relation-
ship between measure and the Non Independence Property. Their solution
uses another work from the same period, by Otero*** (Madrid) and Pe-
terzil* (Haifa), [19], where a weaker statement is proved about the existence
of torsion point in every definable subset of G of small co-dimension.

The work in [18] also implies the uniqueness of invariant Keisler measures
on definably compact groups. The method also gives rise to interesting semi-
o-minimal structures interpretable in suitable weakly o-minimal structures.
2. Omitting the real closed field assumption.

While the original solution to the conjecture assumed that the o-minimal
structure M admits a real closed field, this assumption was subsequently
weakened to M expanding an ordered group.

In [14], Eleftheriou** (Modnet fellow in Barcelona) and Strachenko proved
Pillay’s Conjecture for reducts of ordered vector spaces. Taken together with
the original work, Peterzil (Haifa), [20], was able to prove Pillay’s conjecture
for definable groups in o-minimal expansions of ordered groups.

In [12], Eleftheriou proves the compact domination conjecture for defin-
able groups in reducts of ordered vector spaces. The question remains open
for definable groups (even abelian) in arbitray expansions of groups.
3. Groups and cohomology.

The map π : G → G/G00 was also studied in terms of its cohomological
content. In [1] and [2] Berarducci*** (Pisa) analyzes this map using the
notion of o-minimal spectrum. He proves that G00 is cohomologically acyclic
and concludes that the functorial correspondence between definably compact
groups and compact Lie groups preserves the cohomology. The result is
proved in o-minimal expansions of fields.

In [9] Edmundo*** (Lisbon), Peatfield*** (Bristol) and Jones (currently
McMaster), prove a similar result about the map π, after establishing Hurewicz-
type theorems for definable groups in o-minimal structures.
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In another application of cohomology to definable groups, [10],the same
authors develop Sheaf Cohomology in o-minimal expansions of ordered groups
and deduce bounds on the number of torsion points in definably compact
groups in this context.
4. The elementary equivalence of G and G/G00.

In recent work, still unpublished, of Hrushovski, Peterezil and Pillay, they
show, under the assumption that M expands an ordered group, that the
groups G and G/G00 are elementarily equivalent. It can now be concluded
that every definably compact, definably connected group is an almost direct
product of its center and its commutator subgroup.

0.2 Additional results.

Locally definable groups and the universal covering
In [8], Edmundo analyzes locally definable group in o-minimal structures.

This notion arises naturally when, for example, one constructs the universal
covering of a definable group, which in general is not a definable object but
only a locally definable one. In [11], Edmundo and Eleftheriou continue the
investigation of the universal covering of a definable set and connect two
different possible definitions for such a covering.
Definable groups in ordered vector spaces

In [14] and [13], Eleftheriou and Starchenko, and then Eleftheriou by
himself analyze definable groups in the semi-linear category, namely, in an
ordered vector space V . They show that every such group is definably iso-
morphic to a quotient of a locally definable convex subset of V n by a discrete
lattice, similarly to the canonical description of connected abelian real Lie
groups. In particular, this gives a complete account of the possible torsion
in such groups, and allows, in this setting, for solution of Pillay’s conjecture
mentioned above.
Weak generic types

The notion of a weak generic type is due to Newelski and replaces that
of generics types (which might not always exist). A subset X of a group is
called weak-generic if it is contained in a genric set Y such that Y \ X is
not generic. A type p is weak-generic if all definable formulas in p define a
weak-generic set.

Weak-generic types in groups definable in o-minimal structures have been
the subject of research of Petrykowski** (Lyon and Wroclaw). In [21], he
considers definable weak generic subsets of groups of the form (G, +)n where
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(G, <, ...) is an o-minimal structure. This analysis makes use of the notion of
power boundedness (or polynomial boundedness) in expansions of real closed
fields and stationarity of weak generic types in some particular groups (of
the form (R+, ∗)2) where R is a real closed field).

Intermediate report on task III.3.a,b,c

Task III.3 (a) Partners 3, 4, 7: Prove cell decomposition theorems for
natural weakly o-minimal classes (eg expansions of o-minimal structures by
a valuation ring); classify the definable simple groups in these.

The work described here is all due to Roman Wencel.
In [23] the topologigal dimension for sets definable in weakly o-minimal

structures is studied. The main theorem says that the topological dimension
of a definable set is preserved under definable injective maps. This generalises
an analogous result previously known for sets and functions definable in
models of weakly o-minimal theories. The paper contains other results about
dimension in this setting as well.

A weakly o-minimal structure M = (M,≤, +, . . .) expanding an ordered
group is called non-valuational iff the only subgroups of (M, +) definable in
M are the trivial group and M . In [24] the strong cell decomposition property
for weakly o-minimal non valuational expansions of ordered groups is proved.
This strengthens an analogous result of Macpherson, Marker and Steinhorn
for non-valuational expansions of ordered fields. Another result of [24] says
that a weakly o-minimal structure M = (M,≤, . . .) with the strong cell
decomposition property has a canonical o-minimal extension N = (N,≤, . . .)
such that for a subset X ⊆ Nm definable in N , the intersection X ∩Mm is
definable in M.

Paper [25] contains two theorems. The first says that every weakly o-
minimal expansion of the ordered field of real algebraic numbers must be
polynomially bounded, while the second says that if Schanuel’s conjecture is
true and K is a real closed subfield of the reals of finite transcendence degree,
then every weakly o-minimal expansion of K is polynomially bounded.

The main result of [26] says that ifM is a weakly o-minimal non-valuational
expansion of an ordered group, then every expansion of M by a family of
non-valuational predicates is also non-valuational. A predicate P interpreted
as a union of finitely many convex sets is called non-valuational if it deter-
mines only non-valuational cuts (a cut 〈C, D〉 is said to be non-valuational
if inf{y − x : x ∈ C, y ∈ D} = 0).
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Task III.3 (b) Partner 3: Calculate VC dimension and density for P-
minimal and C-minimal structures (in particular, the p-adics and ACVF).

In the setting of C-minimal structures, we can report the following work:
Fares Maalouf** (Paris, Modnet ESR) is continuing successfully his work on
a possible trichotomy in the context of C-minimal structures with exchange.
He has been able to reproduce the work of Kobi Peterzil on o-minimal struc-
tures: In a C-minimal structure M , define as “non trivial” a point a such
that there is a neighbourhood V of a and a definable function f : V ×V → M
which is a C-isomorphism with respect to each variable and sends cones onto
cones; then, in any sufficiently saturated, locally modular, C-minimal struc-
ture with the exchange property, there is an infinite type-definable group
around any non trivial point. This work has been submitted for publication
to the JSL and obtained a first positive report. Fares is now working on the
second gap of the trichotomy. Again, he is taking his inspiration from o-
minimality and trying to definably recover in Cp the bounded multiplication
from any restriction of the field structure which expands the additive group
and is non modular.
Task III.3 (c) Partner 7: Prove cell decomposition, obtain invariants for
definable sets, in ‘jet-o-minimal’ structures.

The work on this task is mainly a continuation of earlier work, reported in
MIII.1, MIII.2. As reported there, the above tasks are substantially solved
in work of Rivière** (Mons, former ER Paris 7). Subsequent research of
Brihaye*** (Mons) is progressing in applying these ideas in the context of
o-minimal hybrid systems ([3], [4]).

0.3 Other generalization of o-minimality

In a sequence of papers [5],[6], Cluckers***, together with Loeser***, inves-
tigate a new generalization of o-minimality, called b-minimality. Structures
which are either V-minimal or p-minimal and satisfy some slight extra condi-
tions are b-minimal. The b-minimal setting is intended to be a natural frame-
work for the construction of Euler characteristics and motivic integrals. In
[7], R. Cluckers and L. Lipshitz consider, among other things, an axiomatic
framework for analytic structures on real closed fields. The axioms are on
the rings of power series that are to be interpreted as analytic functions, and
on their interpretation in real closed fields. o-minimality is obtained in this
axiomatic setting.
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