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Report on Work package MII: Model theory of fields and applications. 
 
In the following, members of Modnet teams are identified by an asterisk (*) when first 
mentioned; Modnet fellows are indicated by a double asterisk (**); external experts and 
collaborators who were identified as having a close involvement with the project in the original 
proposal are identified by a triple asterisk (***). 
 
 
Final report on task II.1: Model theory of fields and applications to algebraic geometry 
 
Task II.1.a) Investigate groups definable in SCF: in particular, whether definable simplicity 
implies simplicity. 
 
A paper by F. Benoist** (Paris 11, former ER in Leeds), E. Bouscaren*** (Paris 11) and 
A. Pillay* (Leeds) is in preparation on G^#= p^∞G(K) for G a semiabelian variety over a 
separably closed field K. It is proved that G^# may not have finite relative Morley rank. Exact 
sequences and descent to the constants, are also studied. The work was done in 2008, and paper 
should be available in early 2009. 
 
The question of whether definable simplicity implies simplicity has not progressed since the 
previous report on this topic (see year 2). It seems that some recent results of B. Conrad, 
O. Gabber  and G. Prasad might bring new useful information for pseudo-reductive groups.  
 
Task II.1 b) Develop model theory (e.g., find model companion, prove simplicity, describe ima–
ginaries, definable groups, minimal types, non-modular types, induced structure on definable 
sets, etc.) of fields expanded by one or several operators, e.g.: algebraically closed fields with 
(commuting) derivations and/or automorphisms, separably closed fields with stacks of Hasse 
derivations, derivations of the Frobenius, non-standard Frobenius. 
 
In [Ben], Benoist** (Paris 11, former ER Leeds) gives tools for the development of a differential 
algebraic geometry for rings with a Hasse derivation, in arbitrary characteristic. 
The problem of the difference between Spec_D(A) and Spec_D(Â), where Â is the differential 
ring of global sections of Spec_D(A), is emphasized; some conditions are given in order to go 
through this problem, which are weaker than the well-mixed condition. 
 
Guzy* and Rivière* (Mons) give in [GR] a characterization of existentially closed partial 
differential fields (i.e. fields equipped with finitely many commutative derivations and an 
automorphism) in terms of differential varieties. We uses this latter to obtains several algebraic 
results on these fields (e.g. we prove a Nullstellensatz Theorem in this context) and their 
particular subfields of constants and fixed points. Knowing if this characterization is first-order 
(or even if a first-order axiomatization exists) is still an open question. 
 
In [Pi1], Pierce* (Ankara) studies structures with two sorts, one of vectors, and one of scalars 
acting on the sort of vectors.  When one adds a predicate for parallelism or, more generally, n-ary 
linear dependence, one can get model-complete theories. The relevance of this for differential 
fields is that Pierce's student Ozcan Kasal** (former ESR in Freiburg) is also working with two-
sorted structures: he has a sort of scalars that act on a sort of vectors, but the vectors themselves 



act on the scalars as derivations. Kasal has shown that there is no model-companion in the 
simplest signature, but that there is when certain definable predicates are added. 
 
In [Pi2], Pierce* (Ankara) gives axioms in a geometric style for existentially closed fields of 
arbitrary characteristic with a given finite number of commuting derivations. 
 
In [Po], Point* (Mons) obtains a geometric axiomatization of existentially closed ordered 
difference fields (by a previous result of Kikyo and Shelah, this class is not elementary) and 
extends this result to the class of pre-ordered difference fields. Then, putting constraints on the 
automorphism she identifies an elementary class of existentially closed valued ordered difference 
fields, using previous work of Cherlin-Dickmann on valued ordered fields on one hand and of 
E. Hrushovski on valued difference fields on the other hand.  
 
In an earlier paper [GP1], Point* and Guzy* (Mons) had isolated a criterion which allowed them 
to transfer certain properties (more details appear in an earlier report) from a theory of 
topological fields to an expansion of that theory obtained by adding a derivation to the language 
together with certain axioms. In a second paper [GP2] they show for these expansions the 
existence of a fibered dimension function. They also show that a similar construction gives a 
dimension function for a class of D-valued fields introduced by T. Scanlon. 
 
Javier Moreno began a postdoc in Lyon in 2008. He is writing up his Ph.D. thesis work on  
developing the strongly normal theory for iterative Hasse fields  (Ph.D. was from UIUC, but 
work done while he was visiting Leeds and Barcelona in 2005-8). This work was done under the 
supervision of Pillay* (Leeds).  
 
In his work on imaginaries in lovely pairs, Gareth Boxall (Ph.D. student of A. Pillay* at Leeds) 
was able to strengthen Pillay's earlier description of imaginaries in pairs of algebraically closed 
fields as coming from suitable orbits of algebraic group actions, by replacing "geometric 
elimination of imaginaries" by outright "elimination of imaginaries" after adding these new sorts.  
 
Chatzidakis* (Paris) and Hrushovski*** (Yale/Jerusalem) draw a connection between the model-
theoretic notions of modularity (or one-basedness), orthogonality and internality, as applied to 
difference fields, and questions of descent in algebraic dynamics. In particular they prove in any 
dimension a strong dynamical version of Northcott's theorem for function fields, answering a 
question of Szpiro and Tucker and generalizing a theorem of Baker's for the projective line. 
These results come in three parts. The first semi-expository part [CH1], contains some of the 
main results of the model theory of difference fields, and their immediate connection to questions 
of descent in algebraic dynamics. It presents the model-theoretic notion of internality in a context 
that does not require a universal domain with quantifier-elimination. There is also a version of 
canonical heights that applies well beyond polarized algebraic dynamics. Part II [CH2] sharpens 
these results to arbitrary base fields and rational maps (where in part I we allow finite base 
change and correspondences.) Part III [CH4] will include precise structure theorems for primitive 
algebraic dynamics that are not modular, as well as the general case of difference varieties. 
 
On the topic of difference fields, but also somewhat connected to group theory, Chatzidakis* 
(Paris) and Hrushovski*** (Yale/Jerusalem) introduce in [CH3] a new invariant (the distant 
degree) for difference field extensions of finite transcendence degree, and explore some of its 



properties. They also discuss a generalisation of this invariant and of the limit degree to groups 
with an automorphism. 
 
In [JK], Junker* (Freiburg) and Koenigsmann* (Oxford) examine fields inwhich the relative 
model theoretic algebraic closure (in a first-orderexpansion of the language of rings) coincides 
with the relative fieldtheoretic algebraic closure. These are proved to be exactly the fields in 
which algebraic independence is an abstract independence relation in thesense of Kim and Pillay. 
Examples in the pure ring language are perfect PAC fields (proved earlier by Chatzidakis, van 
den Dries, Macintyre), model complete large fields and henselian valued fields of charactersitic 
0. 
 
In her PhD thesis in preparation under the supervision of Koenigsmann (Oxford), Frohn*** 
(Freiburg) investigates the elementary theory of absolute Galois groups in the natural language 
for profinite groups introduced by Cherlin, van den Dries, Macintyre and developed by 
Chatzidakis. It is still open whether the class of absolute Galois groups is an elementary class, but 
Frohn managed to axiomatize certain properties known to hold for absolute Galois groups, like 
"almost torsion-freeness" à la Artin-Schreier, or some structure theorems for small or solvable 
absolute Galois groups. En passant, she deveoloped a first-order classification for profinite 
abelian groups. 
 
Task II.1.c) Extend model theory of Buium's D-varieties to difference varieties (ACFA) and 
Hasse D-varieties (SCF). 
 
Very substantial progress was already reported in report MII.2, see in particular the descriptions 
of the results in [KP2] and [KP3]. In addition, Benoist** (Paris 11, former ER Leeds), 
Bouscaren*** (Paris 11) and Pillay* (Leeds) show in [BBP] that any semi-abelian variety over a 
separably closed field K with a Hasse D-group structure, descends to the constants. This is a 
positive characteristic analogue to Buium's results in characteristic 0. 
 
Task II.1d) Investigate D-groups in differential Galois theory (non-linear case), making the 
connection with the Malgrange construction of the Galois groupoid of a foliation. Calculate the 
groups for classical equations (e.g. Painlevé equations). Sharpen Hrushovski's effective 
determination of the Galois group of a linear differential equation (improve the bound on the 
order of tensor powers). Similar questions for difference Galois groups (e.g., of q-difference 
equations). Connections with the difference Galois theory developed by Singer and Van der Put. 
 
The paper A Lindemann-Weierstrass Theorem for semiabelian varieties over function fields, by 
D. Bertrand*** (Paris 6) and A. Pillay* (Leeds) [BP], uses algebraic D-groups and the model 
theory of differential fields to begin a study of Ax-Schanuel problems for semiabelian varieties 
over function fields which do NOT descend to the constants.  The paper was written and 
submitted in 2008.   
 
P. Kowalski** (Wroclaw, former ER Oxford) works on generalization of Ax's result on Schanuel 
conjecture for the differential equation of the exponential map. In [Ko] Ax's theorem is extended 
beyond the context of exponential maps, i.e. it includes formal isomorphisms between tori and 
abelian varieties, and raising to non-rational powers on tori. He also obtains partial results in 
positive characteristic (in small dimensions). 



 
Kirby* (Oxford) combines in [Ki2] the model theory around exponentiation and differentially 
closed fields to study exponential differential equations of semi-abelian varieties. 
 
Also connected to the topic of differential Galois groups, the work of M. Kamensky** (Waterloo, 
Canada, former ER East Anglia) is concerned with proving the basic theorems of Tannakian 
formalism via model theoretic techniques. These theorems identify any Tannakian category as the 
category of representations of a well-determined affine group scheme. The model theoretic 
approach is to associate with any Tensor category an internal cover of the theory of algebraically 
closed fields, which is consistent if the category is Tannakian. The algebraic group is then 
recovered as the associated definable Galois group. Analogous techniques are then used to prove 
a similar statement for (suitably defined) differential Tannakian categories. The paper is still in 
preparation.  
 
Finally, many people who are not, or only distantly, connected to the network MODNET, have 
obtained results on the problems in our list. Casale [C] looked at the Galois groupoid of P1, 
Cantat and Loray investigated Painlevé VI equation [CL]. Results on direct and inverse 
difference Galois problem over a local field were obtained by Compoint and Duval [CD]. Also, 
connections with the Van der Put - Singer approach appear in joint work of Hardouin and Singer 
[HS], in the context of differential-difference Galois theory.  
 
Task II.1.e) Apply model theory to the study of special points of abelian and Shimura varieties, 
in the style of the Manin-Mumford theorem and André-Oort Conjecture. 
 
No significant progress has been reported by members of the network.  
 
Task II.1f) Continue the study of difference algebraic geometry: difference schemes, varieties, 
blow-ups, (co-)homology groups etc. 
 
No significant progress has been reported by members of the network. Some partial results by 
Giabicani, a student of Hrushovski*** (Jerusalem) and Laszlo. Tomasic (London) is also 
working in the area.  
 
 
Final report on task II.2: PAC fields and finite fields 
 
Task II.2a) Prove Zilber's trichotomy for reducts of pseudofinite fields, if necessary assuming 
omega-categoricity. 
 
No significant progress has been reported by members of the network. 
 
Task II.2b) Describe imaginaries in PAC fields, and use this to study groups interpretable in 
omega-free PAC fields. 
 
No significant progress has been reported by members of the network.  
 
 



Final report on task II.3: Fields with Pseudo-exponentiation, and analytic expansions of the 
complex numbers. 
 
Task II.3a) Prove pseudo-exponentiation gives an analytic Zariski structure; likewise expansions 
by power functions. Find examples from quantum tori and non-commutative geometry. Examples 
from Hrushovski amalgamation. 
 
Zilber* (Oxford) has summarised the research on Zariski geometries carried out since 1991 in 
[Z2], and includes new results not published elsewhere. Among the latest, the study of analytic 
Zariski geometries and structures with weaker properties, for which analyticity is conjectured.  In 
particular he proves that in analytic Zariski geometries there is a well-defined notion of 
differentiation and computes the derivative in certain cases,  including the field with pseudo-
exponentiation. The derivative in this case turns out to be the classical one. 
 
In [Z1] Zilber* (Oxford) shows how to associate an abstract elementary class to an analytic 
Zariski structure and proves, for the 1-dimensional case, that the class is quasiminimal omega-
homogeneous and has elimination of quantifiers to the level of existential formulas. A connection 
to the abstract Hrushovski construction has been extablished. 
 
The main result of Bays*, Kirby* (Oxford) and Wilkie* (Manchester) in [BKW] states the 
validity of the version of Schanuel's conjecture where raising to generic real powers is involved. 
Although this does not have immediate applications in number theory (generic powers!) this is an 
important breakthrough as it is the first proven case of a general form of Schanuel's conjecture. 
 
In [Ki1], Kirby* (Oxford) gives an algebraic proof that the exponential algebraic closure operator 
in an exponential field is always a pregeometry, and shows that its dimension function satisfies a 
weak Schanuel property. A corollary is that there are at most countably many essential 
counterexamples to Schanuel’s conjecture. 
 
In [TV], C. Toffalori* (Camerino) and K. Vozoris** (former ER Camerino) study the complex 
field with exponentiation restricted to the integers.  Using a Schanuel property, they give a first 
order axiomatization of the theory of this structure, modulo the theory of the ring of integers. In 
addition the paper contains an analysis of 1-types over the empty set. 
 
Wilkie* (Oxford) has made a small amount of progress on expansions of the complex field by 
holomorphic functions. He has investigated those holomorphic functions which can be locally 
defined in a polynomially bounded o-minimal expansions of the reals and proved some 
uniformity results that are special to this situation. For example, he has established 
generalizations of Bloch's theorem for uniformly defined families of analytic functions that are 
false in general (and even in the o-minimal, non-polynomially bounded case). Using such results 
he has established a version of the valuation inequality (which was crucial in the real case for 
studying the real exponential function), and deduced that the expansion of the complex field by 
the (many valued) function of raising to the power i is quasi-minimal (i.e. every definable subset 
of the complex numbers is either countable or co-countable). 
 
In his DPhil thesis  [G] done under the supervision of Zilber* (Oxford), Gavrilovich** (former 
ER Berlin) proves that a very interesting class of actual complex analytic structures, including 



universal covers of Abelian varieties, is analytic Zariski. His method also produces a natural 
countable language for each case and exhibits deep relations of the model-theoretic conditions 
(homogeneity, non-elementary stability, countable language) with some facts and conjectures of 
complex geometry (Shafarevich' conjecture). 
Note, that although we still do not know whether the pseudo-exponentiation is analytic Zariski, 
Gavrilovich's results are a big step in this direction. Gavrilovich is pursuing work in this 
direction.  
 
The DPhil thesis [S] of Smith, done under the supervision of Zilber* (Oxford), studies a special 
class of analytic Zariski structures, covers of algebraic tori, and their possible compactifications, 
in model-theoretic sense. It is shown that to each set of toric data (cones, fan e.c.) there is a 
unique compactification of the universal cover and conversely, any abstract compactification 
essentially is associated with a compact toric variety. The main theorem also states that the 
abstract Zariski notion of smoothness (presmoothness) in the context of toric geometry is 
equivalent to mild singularities and, correspondingly, the condition that the cone is simplicial. 
 
 
Task II.3b) Refute Zilber's conjecture that complex pseudo-exponentiation is exponentiation. 
 
No progress has been made in this direction by members of the network, rather the opposite. In 
[Ki1], Kirby* (Oxford) showed that the natural pregeometry controlling pseudo-exponentiation, 
and that controlling complex exponentiation, can in fact be obtained in the same way, although 
the original definitions in both cases are very different: in pseudoexponentiation via 
predimension functions and in the complex case using the topology. This common definition 
allows for easier comparison between pseudo-exponentiation and complex exponentiation, and in 
particular it makes it clearer what one should look for to disprove Zilber's conjecture. However, it 
is now thought that Zilber's conjecture is probably true (but unlikely to be proved soon, as it 
contains Schanuel's conjecture), so refutation is likely to be impossible. 
 
 
Final report on task II.4: Motivic integration 
 
Develop a theory of motivic integration with parameters and a sensible theory of constructible 
motivic functions. 
 
In motivic integration, the measurable sets (those on which one wants to integrate) are the 
definable sets in some valued field. Classifying these sets up to isometry should greatly simplify 
the theory; this is true in particular in the [HK] version of motivic integration, where the 
Grothendieck ring of definable sets up to isometry plays a central role in the theory. Classifying 
definable sets up to isometry (in valued fields) is a program initiated by Halupczok*** (ENS 
Ulm) in [Ha]. The article contains a precise conjectural description of definable sets up to 
isometry in Q_p and a proof of this conjecture in several special cases. 
Moreover, some ideas are given on how this should generalize to arbitrary Henselian valued 
fields with good model theory; this would be the context needed for motivic integration. 
 
 
Final report on task II.5: Weil Cohomology 



 
Task II.5a) Examine non-standard Weil cohomologies. 
 
No significant progress has been reported by members of the network, 
 
Task II.5b) Connections of non-standard Frobenius with conjectured semisimplicity of action 
of Frobenius on Weil cohomology. 
 
No significant progress has been reported by members of the network, 
 
Task II.5c) Determine in which cases the p-th cohomological dimension of a field is an 
elementary invariant of the field. 
 
In his PhD thesis in preparation under the supervision of Koenigsmann (Oxford), Laubner*** 
(Freiburg) proves that "cd_p(K) ≤ n" is an elementary field theoretic property for arbitrary primes 
p and for n ≤ 2, but also, using Pfister forms and heavy cohomological machinery due to 
Voevodsky, for p=2 and arbitrary n. Whether the same holds for all p and n is still open (this 
question was posed by Chatzidakis). 
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