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Report on Workpackage VII:

Decidability issues and links to complexity the-

ory

In the following, members of Network are identified by an asterisk (*) when
first mentioned; Modnet fellows are identified by a double asterisk (**); ex-
ternal experts and collaborators who were identified as having a close in-
volvement with the project in the original proposal are identified by a triple
asterisk (***).

Results of task VII.1

Task VII.1: Finitely generated fields and connections with arithmetic
(Hilbert’s 10th problem) a) Investigate existential definition of the integers
in the rationals, or in rings of algebraic integers b) Prove Diophantine unde-
cidability of the rationals.
Hilbert’s 10th problem asked to give a procedure which, in a finite number
of steps, can determine whether a polynomial equation (in several variables)
with integer coefficients has or does not have integer solutions. This was neg-
atively answered by Matiyasevich in 1970, following work of Davis, Putnam
and Julia Robinson: no such algorithm can exist.
Similar questions can be raised for domains other than the ring of integers.
For instance the analogue of Hilbert 10th problem over the field of ratio-
nals is still unanswered. A general picture of the current situation in this
framework is given by Thanases Pheidas∗∗∗ and Karim Zahidi∗∗∗ in [PhZ],
following tutorials presented at American Institute of Mathematics and at
Newton Institute of Mathematical Sciences at the beginning of the Modnet
program. This report surveys both (a) and (b). Besides their history, it also
provides a new formulation, in terms of logic, of several geometrical questions
of a computational character, which could have an impact on computational
geometry and number theory in the future.
A contribution to the solution of Hilbert’s 10th problem over the rationals
can be found in [CZ], proving that a conjecture about elliptic curves pro-
vides an interpretation of Z in Q with quantifier elimination ∀∃ involving
only one universally quantified variable. This implies that the Π2-theory of
the field of rationals is undecidable (recall that Hilbert’s 10th problem for the
rationals is basically the question whether the Σ1-theory of Q is undecidable).
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However something stronger holds. In fact Jochen Koenigsmann∗ recently
improved these results and provided a direct proof that Z is definable in Q
just by an ∀∃-formula with only one universal quantifier (so avoiding any
additional assumption). Actually Koenigsmann even showed that Z is uni-
versally definable in Q, indeed there is a polynomial g(t, x1, . . . , x58) with 59
unknowns and integer coefficients such that, for every rational number t, t is
an integer if and only if ∀x1 . . . ∀x58g(t, x1, . . . , x58) 6= 0. This implies that
the ∀∃-theory of the field of rationals is undecidable. Hilbert’s 10th problem
over Q is basically the question whether the ∃-theory of Q is decidable. As
said, this is still open. However Koenigsmann also proved that Z is not ex-
istentially definable in Q under a rather mild arithmo-geometric conjecture
(much weaker than Mazur’s),
A preliminary report of Koenigsmann’s results can be found in [Ko].
Pheidas also proposed some years ago a program which might give an existen-
tial definition of Z in K where K is any global field. The so called Existential
Divisibility Lemma is a key step in this program. A generalization of this
Lemma to all global fields of characteristic not 2 (and to other settings) is
given by Demeyer∗∗∗ and Van Geel in [DeVG].
Papers of Demeyer [De1, 2] also consider Hilbert’s 10th problem over rings
of polynomial over finite fields.
Again about a), a characterization has been given of the meromorphic maps
from the torus minus a point to itself. This is a joint result of Pheidas with
Kourouniotis and Vidaux [KPV], and can be viewed as a first step towards
proving that the existential theory of the ring of analytic functions of two
variables, in the language of rings augmented by names for the variables, is
undecidable. This regards a), as said, but is also important independently,
because analytic functions are used throughout mathematics and its appli-
cations, and almost all results on the complexity of computation of that ring
have immediate consequences on a wide range of computational aspects on
rings.
A negative answer to the analogue of Hilbert’s 10th problem for the opera-
tion of addition and the property of “being a square” was proved for fields
of rational functions of any characteristic again by Pheidas and Vidaux in
[PhV1]. This improves earlier results of Vojta and can be seen as a strong
indication that the analogous problem for the field of rationals has a similar
(negative) answer. The techniques do not seem transferable to the case of
the rationals, due to difficulties arising also for problems such as Mordell’s
Conjecture (for instance, the use of differentiation), but there is currently a
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vast amount of machinery on similar situations and there seems to be hope
for this transfer in the not-so-long future.
Actually [PhV1] deals with Büchi’s problem asking whether, for large enough
M , the only integer solutions of the system of equations x2

n+x2
n−2 = 2x2

n−1+2
(1 < n < M) satisfy ±xn = ±x2

n−1 + 1 and gives a positive answer for poly-
nomial rings of characteristic 0 or greater than 17, and for rational function
fields of characteristic 0 or greater than 19 (under some additional assump-
tions in the positive characteristic case).
Büchi’s problem –more precisely a generalization of it over a polynomial ring
K[t] with K a field of characteristic 0– is considered in [PhV2]. It is shown
that a sequence of 92 or more cubes in K[t], not all constanct, with third
difference constant and equal to 6, is of the form (f + n)3 (n < 92) for some
polynomial f ∈ K[t]. This result is used, in conjunction to the negative an-
swer of the analogue of Hilbert’s 10th Problem for K[t] in order to show that
the solvability of systems of degree 1 equations, where some of the variables
are assumed to be cubes and (or) non-constant, is an unsolvable problem
over K[t].
Work of Prunescu∗/∗∗∗ can be also subscribed to task VII.1 and a). In [Pru5]
the Hilbert 10th Problem is studied relatively to subsets of Z. It is proven for
example that it is undecidable if diophantine equations have solutions which
consist of prime numbers. Undecidability is proven for sets of integers which
are images of an interval of integers through polynomials. However, similar
images through exponential functions like 2k lead to decidable decision prob-
lems.
Titles [Pru6]-[Pru9] also refer to this task, but in a wide way. These articles
study recurrent double sequences of the following form. One has a finite struc-
ture (A, f(., ., .), 1) and forms sequences a(i, j) by putting a(0, j) = a(i, 0) = 1
and a(i, j) = f(a(i− 1, j), a(i− 1, j − 1), a(i, j − 1)).
Then [Pru6] and [Pru7] prove that in the special case where A = F is a
finite field and f(x, y, z) = x + my + z there are self-similar recurrent double
sequences. In the case when F is a prime field all the obtained patterns are
self-similar. There are very strong connections between the arithmetic of the
finite field and the symmetry structure of the pattern, which are described
and proved. A byproduct is the discovery of a combinatorial identity, another
one the description of a class of aperiodic tilings.
The paper [Pru8] studies the general recurrent double sequence a(i, j) =
f(a(i− 1, j), a(i, j − 1)) over commutative finite structures. It is shown that
those structures interpret Turing machines, so there are a lot of undecidable
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problems related to their properties.
The paper [Pru9] studies the ideal of polynomials in fundamental symmet-
ric functions over a finite field, representing the polynomial function 0. The
dimension of this ideal is computed and an algorithm to find a basis of this
ideal is described and studied. This research occured in the context of the
recurrent double sequences.
The paper [Pru10] contains also a flavor of decidability. It is proven that
the functional equation given in the title has solutions if and only if g(x, y)
is a symmetric cocycle. Moreover, if g is of class Ck (k ≥ 0) then there are
solutions f of this class. The most difficult proof is for k = 0 (continuous
functions) — which has also a connection with the decidability: if f is algo-
rithmically approximable, then there are such solutions f .
The decidability theme is also considered by the paper of Franoise Point∗

[Pn], dealing with some expansions of Presburger arithmetic by exponentia-
tion or related functions.

Task VII.2: Algebraic complexity a) Examine the P = NP question in
important rings.
The Millennium problem P = NP is one of the top questions in Theoreti-
cal Computer Science and contemporary Mathematics. Roughly speaking, it
asks whether it is easier to verify a proof or finding this proof (provided that
it exists). One generally expects a positive answer, so that P 6= NP , but an
ultimate theorem confirming this intuition still seems far from being proved.
Due to the extreme difficulty of the general problem, some hopefully easier
algebraic versions have been proposed, in particular by Valiant, or by Blum-
Shub-Smale. A common feature of these models is to deal with real numbers,
or with complex numbers. Indeed, in the Poizat∗ generalization of the Blum-
Shub-Smale BSS approach [Po], arbitrary structures M are regarded, and
a PM = NPM question is raised for each of them. In this perspective the
originary P = NP question is that corresponding to M = Z/2Z, and so to
Boolean complexity.
In Valiant’s model and in BSS, when dealing with real and complex numbers
the cost of a computation refers to the arithmetical operations of addition and
multiplication it involves; in BSS comparison tests are also considered and
counted. Valiant’s model is interested in calculating polynomials such as the
permanent or the determinant of a matrix, while BSS is mainly concerned
in deciding whether a given system of polynomial equations has a solution
over the reals, or over the complex numbers. Just as in the originary Boolean
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setting, even in the Valiant and BSS models confirming P = NP or negat-
ing it, or separating other notable classes such as P itself and PSPACE,
are related to several intriguing algebraic questions. For instance, P = NP
over the reals in the Valiant model means to compute the permanent of a
matrix in a number of mathematical operations (additions and multiplica-
tions) polynomial with respect to the matrix size. On the other hand the key
question towards the solution of P = NP over the field of reals in BSS is to
decide, for any polynomial of degree 4 in n unknowns, whether it admits a
real root in a number of steps –now involving even comparisons– polynomial
in n.
It is also natural to compare these models (Boolean, Valiant and BSS) and
to wonder whether some separation result transfers from one of them to the
other ones. Connections of this kind were observed between Valiant’s model
and the Boolean one, or between the latter and BSS. On the other hand,
almost nothing is known directly BSS and Valiant’s model under this point
of view.
Pascal Koiran∗∗∗ and his group in Lyon have been considering all these top-
ics. In particular Koiran and Perifel∗∗∗ obtain several noteworthy transfer
results, proving that separations theorems are harder in BSS that in the
Valiant model. For instance [KP4] shows that separating P and NP in BSS
by a problem of NP without multiplication (a natural candidate in this
framework) implies to separate P and NP even in the Valiant model. On
the other hand [KP2] shows that separating P and PSPACE over the com-
plex field in BSS implies to separate P and PSPACE also in the Valiant
model.
The paper [KP3] extends this kind of results also over the field of reals.
Even in this setting separating P and PSPACE is more difficult for de-
cision problems than for valuation problem. The proof is based on some
algorithmic results obtained by Koiran and Perifel in a paper to appear in
Journal of Complexity (a parallel algorithm is proposed to find a vector or-
thogonal to about half a family of vectors over the field with two elements,
by a sort of derandomization ensuring that an aleatory vector satisfies the
required condition with high probability).
Other connections with the Boolean complexity are illustrated in [KP4],
where various consequences of the hypothesis P = SPACE are obtained
in the setting of valuation problems, supporting the conjecture that the two
classes may be different in the Valiant model. Further results (still to be
published) connect the separation of P and NP in the Valiant model and
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the question whether the existence of a Boolean algorithm working in poly-
nomial time to compute the value of a polynomial implies the existence of
an arithmetical circuit of polynomial size for that polynomial.
Even [KP1] deals with Boolean complexity, more precisely studies how to
handle by Boolean Turing machines certain polynomials given in terms of
arithmetical circuits. Lower and under bounds are provided for the compu-
tation of the degree of a polynomial and of the coefficient of a monomial.
Finally [FKL] studies the complexity of valuating some “difficult” polyno-
mials (like permanent, hamiltonian and so on) for certain classes of graphs:
planar graphs and bounded treewidth graphs. It shows how to characterize
the complexity of valuating the corresponding polynomials by certain fami-
lies of arithmetical circuits (formulas, or “skew circuits”.
Also the work of Malod∗∗/∗ [MP1,2] [M1, 2, 3] is concerned with the P = NP
problem in different rings. However, following the lead of Poizat [Po], it fo-
cuses on studying arithmetic circuit computations, first looking at circuit
computations in the most basic manner, by starting with two operations and
no properties and then adding properties towards the common arithmetic
operations. The basic question in this perspective is the comparison of the
computational power of circuits and formulas of polynomial size. What is
shown is that elementary parameters of the circuit let us classify easily when
the operations are “free”, but as we add more properties to the operations
interesting questions arise quickly.
The use of specific constants for computation is also studied. For instance,
the completeness proof of the permanent uses the constants −1

2
,−1, 0, 1. It

is very unlikely that the permanent could be complete with just the con-
stants −1, 0, 1 as it would imply an equality of the type P = ⊕P . However,
the Hamiltonian is complete with these constants. Malod defines a notion
of auto-reducibility and shows that the matrix product, the determinant and
the Hamiltonian are all auto-reducible with the constants 0, 1 whereas this
is not clear with regard to the permanent. This raises an interesting open
question, because it is related to the completeness of the permanent for the
class ]P , and would help to answer questions raised in [DHK].
Another aspect Malod has been considering is to find an intuitive meaning
to some of the main circuit classes. In a first series of results the classes are
linked to matrix and tensor computations [M3]. A simple, yet still not nat-
ural, complete problem has been defined for V P , one of the most important
classes. With the help of this result the main classes are characterized as
“counting” injective homomorphisms between adequate classes of graphs.
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Again in relation to counting, Malod and Hervé Fournier give a different
treatment of their results on ]P -completeness in a journal version [FM2] of
their conference article [FM1].
Further algebraic aspects of the P = NP problem are also considered in
papers of Prunescu ([Pru1]-[Pru4]). They were already illustrated in our
mid-term report.
Other papers linked to algebraic complexity in some “non standard models
of computation” are [B], [BBR], [BDLM] (by Brihaye∗, Da Costa Lopes∗∗,
Render∗∗ and the Mons group).

Task VII.3: Models of fragments of arithmetic a) Partners 1, 11: Prove
that the residue field in models of I∆0 + Ω1 are pseudofinite b) Partners 1,
11: Prove existence of infinitely many primes over I∆0(p) where p(x) counts
the primes below x c) Partners 1, 11: Study quadratic forms, local/global
results, quadratic reciprocity over bounded arithmetic.
Paola D’Aquino∗∗∗ and Angus Macintyre∗∗∗ continued their study of quadratic
forms in bounded arithmetic (following [DM1]). In [DM2] the authors de-
velop a theory of local equivalence of quadratic forms over completions of
models of I∆0 + Ω1, as an essential step in proving a version of Gauss’ clas-
sical result of Quadratic Reciprocity Law in I∆0 + Ω1. As in previous work
on the global investigation of integral quadratic forms over I∆0 +Ω1, the in-
spiration is the analysis by Cassels. The local groups associated to quadratic
forms of fixed discriminant are constructed as well as a group structure is
defined on the product of these.
Also [DKS] partly deals with this task, as it studies integer parts of real
closed fields in connection with recursive saturation. It is shown that if a
real closed field has an integer part which is a model of Peano Arithmetic
then the field is recursively saturated. Moreover, any countable recursively
saturated real closed field has an integer part which is a model of Peano
Arithmetic and whose real closure coincides with the starting field.
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