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Report on Workpackage MV:

Simple groups of finite Morley rank

In the following, members of the Network are identified by an asterisk (*)
when first mentioned; external experts and collaborators who were identified
as having a close involvement with the project in the original proposal are
identified by a double asterisk (**).

Result of task V.1.a

Task V.1(a) Complete the classification in the even characteristic case.

The classification in even type characteristic has been entirely completed,
for all simple groups of finite Morley rank.

Theorem. A simple group of finite Morley rank of even type is isomorphic
to an algebraic group over an algebraically closed field of characteristic 2.

This result is the culmination of a considerable collection of earlier works,
mostly by Altinel∗ (Lyon 1), Borovik∗ (Manchester), and Cherlin∗∗ (Rutgers).
Some final pieces of the argument, with a weakening of inductive assumptions
to the even characteristic case which requires to handle potentially simple
sections without involutions in the ambient group, have been accomplished
in [1] and [2]. The final recognition of larger groups is done in [5]. The full
proof is contained in the book in preparation [3].

Result of task V.1.b

Task V.1(b) In odd type case, reduce the analysis to certain specific config-
urations under inductive assumptions; eliminate the inductive assumptions.
Eliminate simple groups with large finite Sylow 2-subgroups.

An absolute result has been obtained about the last point mentioned
above, i.e. the point concerning infinite simple groups of finite Morley rank
with finite large Sylow 2-subgroups. This has been entirely elucidated, and
there is finally no need of “largeness” of the Sylow 2-subgroups, and even no
need of simplicity, the result requiring only the connectedness of the ambient
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group. This has been proved by Borovik∗ (Manchester), Burdges∗ (Manch-
ester), and Cherlin∗∗ (Rutgers) in [7].

Theorem. A connected group of finite Morley rank has either trivial or
infinite Sylow 2-subgroups.

Surprisingly, this result uses methods coming from finite probabilistic
group theory. Some applications of this results have been obtained in the
general theory of permutation groups of finite Morley rank in [9], as well as
in the specific theory of groups of finite Morley rank without p-unipotent
subgroups in [8].

The theory of groups of odd type, though still very complicated, has
greatly evolved recently.

The main complications in this context mostly arise from the existence of
so-called bad fields of finite Morley rank, i.e. with an infinite proper defin-
able multiplicative subgroup, as built by Baudisch∗ (Berlin), Hils∗ (Berlin),
Martin Pizzaro∗ (Lyon 1), and Wagner∗ (Lyon 1) in [4] and elaborating on
earlier works of Poizat∗ (Lyon 1) such as [20].

This existence of bad fields imposes the need to work with some kind of
abstract unipotence theory for groups of finite Morley rank, dealing notably
with many possible actions of torsion-free subgroups on each other. This
unipotence theory, which is graduated, has been axiomatized in Burdges’
thesis. This theory is now entirely elucidated, notably in [15]. This leads,
among other things, to a general theory of Carter subgroups in groups of
finite Morley rank, with their existence in general [14] and their conjugacy in
the most interesting case by the work of Jaligot∗ (Lyon 1) [17]. This theory
is particularly useful in the classification of groups of finite Morley rank of
odd type.

This classification roughly splits into two main directions, the “small”
groups and the “larger” groups. The bridges between these two opposite
directions have not entirely been found yet, but they become closer and
closer.

Large groups are handled in [6], with a reduction under the full inductive
assumption to the Cherlin-Zilber conjecture to the case of minimal connected
simple groups of finite Morley rank. The work [10] of Burdges∗, Cherlin∗∗,
and Jaligot∗ then reduces drastically the Prüfer 2-rank in this context. This
reduces notably the Prüfer 2-rank to 2 for a counterexample to the Cherlin-
Zilber conjecture, under the full inductive assumption to this conjecture.
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Some removal of this full inductive assumption is at work, though not entirely
clarified yet.

Small groups of odd type have required a considerable quantity of work.
Using the bound of 2 on the Prüfer 2-rank mentioned above, the case of
minimal connected simple groups has been studied at length in the thesis
of Deloro∗ (Paris 7). A full classification has been obtained without any
assumption about the bad fields which may arise in the ambient group. In this
context, the final recognition of the algebraic group PSL2 has been obtained
in [11]. As in the case of minimal connected simple groups without bad
fields, the potential nonalgebraic configurations are drastically reduced in
[12], essentially to three possible groups which seem to resist any analysis.

Last but not least, the full theory of minimal connected simple groups
of finite Morley rank is systematically tranferred to the larger context of
nonsolvable (the simplicity assumption is removed) locally solvable groups of
finite Morley rank, as in the final classification of J. Thompson in finite group
theory. This systematic work, with large repetitions of the existing theory
but also entirely new problems, is carried out by Deloro∗ and Jaligot∗ in [13].
This work, by offering a considerable weakening of the minimal connected
simple assumption, is expected to bridge the gap between small groups of
odd type and larger groups of odd type, with also a strong reduction of the
inductive assumptions required.

Result of task V.1.c

Task V.1(c) Prove that bad fields in positive characteristic do not exist, if
necessary under a plausible number-theoretic hypothesis, via a development
of Lang-Weil estimates for definable sets in a locally finite bad field.
Roche (graduate student, Lyon and Freiburg) and Wagner∗ have established
Lang-Weil like estimates for the number of Fq-points of the multiplicative
subgroup T in a locally finite bad field [21], in case RM(T ) = 1. This has
subsequently been generalized by Hrushovski∗∗ (Jerusalem) and Wagner in
[16], who obtain upper bounds for arbitrary definable sets in a general bad
field (where T can have Morley rank bigger than 1), and Lang-Weil like
estimates for |T (Fq)|. In fact, the result is considerably more general and
establishes an inequality between a rudimentary dimension notion (which
may for instance be derived from counting in locally finite structures), and a
well-behaved dimension (for instance finite SU-rank), provided the structure
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is in some sense minimal (which is always the case for fields of finite Morley
rank). However, for a definable subset X in a locally finite field K the
estimate only yields

|X(Fq)| = O(qSU(X)/SU(K)),

rather than the more precise

|X(Fq) − qSU(X)/SU(K)| = o(qSU(X)/SU(K))

one obtains in the case of Lang-Weil. In order to obtain the non-existence of
bad fields in positive characteristic, further refinement seems necessary.

As already mentioned above, Baudisch, Hils, Martin-Pizarro and Wagner
[4] have constructed a bad field in characteristic zero by a construction using
Hrushovski’s amalgamation method (Workpackage I.2).

Result of task V.1.d

Task V.1(d) Apply finite Morley rank technics in finite group theory

A black-box group G is a group equipped with a black box (‘oracle’) where
the group operations are performed by the oracle. The elements of the black
box groups are encoded as 0 − 1 strings of uniform length N . Given strings
representing g, h ∈ G, the oracle can compute the strings representing g · h,
g−1 and decide whether g = h. We have an upper bound for the order of the
group |G| 6 2N . A subgroup of a black-box group with known generators is
a black-box group with the same black-box.

A Monte–Carlo algorithm is a randomized algorithm which gives a cor-
rect output to a decision problem with probability strictly bigger than 1/2.
The probability of having incorrect output can be made arbitrarily small by
running the algorithm sufficiently many times. A Monte–Carlo algorithm
with outputs “yes” and “no” is called one-sided if the output “yes” is always
correct. A polynomial time algorithm is an algorithm whose running time
is polynomial in the input length. A Monte–Carlo algorithm which runs in
polynomial time in the input length is called Monte–Carlo polynomial time
algorithm. Let G = 〈S〉 be a black-box group known to be isomorphic to a
known abstract group H, then a constructive recognition algorithm for G is
an algorithm which finds a new generating set S∗ for G, a homomorphism
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ϕ : G → H specified by the image of S∗ and also which computes ϕ(g) for any
g ∈ G and conversely computes ϕ−1(h) for any h ∈ H whenever h ∈ ϕ(G).
Some algorithms solve the constructive recognition problem for all classical
groups however they are not polynomial time algorithms in the input length.
Later, polynomial time algorithms have been developed for classical groups
by assuming an SL2(q)-oracle, that is, assuming a constructive recognition of
SL2(q). However constructive recognition of SL2(q) is possible only if one can
find a p-element (or “unipotent element”) and the share of p′-elements (or
“semisimple elements”) in a simple group of Lie type defined over a field Fq is
1−O(1/q). Therefore the probability of a random element to be semisimple
is close to 1 when the field of definition is large, in other words, it is unre-
alistic to expect producing unipotent elements over large fields by random
search.

Following this observation, Şükrü Yalçınkaya∗ (Ankara) developped in
the paper in preparation “Construction of long root SL2(q)-subgroups in
black-box groups” an alternative approach for recognizing simple groups of
Lie type which follows the computational version of the classification of the
finite simple groups, and, in the same time, follows ideas from the classi-
fication of simple groups of finite Morley rank. Similar to the inductive
argument on centralizers of involutions which plays crucial role in the clas-
sification projects for finite simple groups and groups of finite Morley rank,
Yalçınkaya’s approach is based on a recursive construction of the centraliz-
ers of involutions. This allowed him to develop a recognition procedure for
black box groups in a form of a probabilistic algorithm for checking certain
first order properties which hold in a class of simple algebraic groups over
an infinite set of finite fields. In effect, the calculations are carried out in an
algebraic group over an (infinite) pseudofinite field.
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