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MODNET report on activities: Work Package VI, 2006

In the following, members of Modnet teams are identified by an asterisk
(*) when first mentioned; Modnet fellows are indicated by a double asterisk
(**); external experts and collaborators who were identified as having a close
involvement with the project in the original proposal are identified by a triple
asterisk (***).

Task VI.1: Finitely presented groups

On the basis of results of Sela*** on Tarski’s problem and on the stability
of the the theory Tfg of nonabelian free groups, and using results announced
by Bestvina and Feighn on ‘negligible’ subsets of free groups, Pillay* (Con-
tractor 3) investigated forking and genericity in the free group [A. Pillay,
Forking in the free group, preprint]. Some conclusions are connectedness
and definable simplicity of the free (nonabelian) group. A less straightfor-
ward consequence is that Tfg has the property ‘non CM-triviality’, showing
that in a sense it could not be produced from a ‘Hrushovski construction’.
The proof is an adaptation of the proof of Pillay’s earlier result that a bad
simple group of finite Morley rank is not CM-trivial: the Bestvina-Feighn
results replace Morley rank as a computational tool.

Ould Houcine* (Contractor 4) studied properties of limit groups of equa-
tionally noetherian groups, showing that such groups are QF-stable. He also
showed that the limit group of such a group is Hopfian. In addition he de-
fined and analogue of Morley rank for quantifier-free formulas and used this
to show that if M is a nonabelian model of the universal theory of free groups
then M is QF-connected, M ≺∃ M ∗ Z and every QF-definable proper sub-
group in M is abelian. Another new result is that torsion-free hyperbolic
groups are not superstable. [A. Ould Houcine. On hyperbolic groups. Jour-
nal of Group Theory, 9 (2006) 147-159; A. Ould Houcine. Limit Groups of
Equationally Noetherian Groups. Proceedings ”Geometric Group Theory”,
to appear.]

Ould Houcine* showed that any superstable residually-C group, where C
is a pseudovariety, has a finite composition series with each term equationally-
definable, the first term solvable and each factor in C. More recently Wag-
ner* (Contractor 4) generalized this, showing that a supersimple residually-C
group is nilpotent-by-poly-C. [A. Ould Houcine. On superstable groups with
residual properties. Math. Log. Quart. 53, No. 1, (2007), 19-26. [VI.1]]

2



Task VI.3: Pseudofinite groups

A notion of ‘asymptotic class’ of finite structures was introduced by
Macpherson* (Contractor 3) and Steinhorn in [H.D. Macpherson and C.
Steinhorn, One-dimensional asymptotic classes of finite structures, Trans.
Amer. Math. Soc., to appear.], together with a coresponding notion of ‘mea-
surable’ infinite structure. M. Ryten (PhD student, Contractor 3), has shown
in his PhD thesis [Model theory of finite difference fields and simple groups]
that any family of finite simple groups of fixed Lie rank forms an asymptotic
class, and hence a non-principal ultraproduct of such a family is measurable.
The main point is that such a family is uniformly bi-interpretable either with
a class of finite fields, or with an asymptotic class of finite difference fields.

In further work [papers in preparation], Elwes (PhD student Contrac-
tor 3, postdoc Contractor 6) and Ryten have shown the following: (i) any
unimodular supersimple group of rank 1 is finite-by-abelian-by-finite; (ii)
any asymptotic class of groups of dimension 2 consists of groups with a
uniformly definable 4-soluble normal subgroup of bounded index and there
are partial results for 2-dimensional meausrable groups; (iii) any asymptotic
class of (uniformly definably) primitive permutation groups acting on a 1-
dimensional set consists of groups of dimension at most three (and of known
type). The beginnings of a structure theory for asymptotic classes of finite
groups, and for measurable groups, are emerging.

In separate work, Liebeck, Macpherson* and Tent*** are close to comple-
tion of a description of ultraproducts of finite primitive permutation groups
which are themselves primitive. Some work remains in the case of almost
simple socle.

Task VI.4 Modules

Puninski* (Contractor 8), Toffalori* and Puninskaya* (Contractor 11)
proved that, over the integral group ring of any non-trivial finite group, the
theory of modules does not have width and hence there is a superdecompos-
able pure-injective module [Superdecomposable pure-injective modules over
integral group rings , Bull. London Math. Soc. (2), 73 (2006), 48-64]. At the
same time, they gave an almost complete positive answer to the conjecture
that, over the group ring of a finite group over a field, the m-dimension of
the theory of modules is defined iff the group ring has tame representation
type (a very few specific cases remain open) [Krull-Gabriel dimension and the
model-theoretic complexity of the category of modules over group rings of
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finite groups, preprint]. Puninski, in collaboration with Rothmaler, widened
the conditions under which it is known that pure-projective modules are di-
rect sums of finitely presented modules [When every projective module is a
direct sum of finitely generated modules, J. Algebra, to appear]. Using a
construction of Prest, Rothmaler and Ziegler, Puninski was able to answer a
question, about derived categories of modules, arising from homotopy theory
[(with M. Hovey and K. Lockridge), The generating hypothesis in the derived
category of a ring, Math. Zeit., to appear].

Garkusha** (ER, Contractor 8) and Prest* (Contractor 8) made an un-
expected application of results arising from the model theory of modules to
a question which arose from algebraic topology, considerably strengthening a
recent theorem of Hovey [Classifying Serre subcategories of finitely presented
modules, Proc. Amer. Math. Soc., to appear]. This, in turn led to reconstruc-
tion results (of affine and projective varieties from certain abelian categories)
which extend theorems of Gabriel, Neeman and Thomason [Reconstructing
projective schemes from Serre subcategories, preprint, and Torsion theories
of finite type and spectra, preprint].

Prest* used his characterisation of interpretation functors between defin-
able categories (as exactly those which preserve direct products and direct
limits) to show that such functors induce morphisms of ringed spaces be-
tween respective sheaves of definable scalars [Definable additive categories:
purity and model theory, preprint].
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