
MRTN-CT-2004-512234
MODNET

Model Theory and Applications

MVI.2: Model Theory of Groups and Modules

Period number: 3 Due date of deliverable: 31/12/07

Period covered: from 1/01/07 to 31/12/07 Date of preparation: 20/02/08

Date of submission: (SESAM)

Start date of project: 1/01/05 Duration: 48 months

Project coordinator name: David Evans

Project coordinator organisation name:
UEA, Norwich, UK.

Organisation name of lead contractor for this deliverable:
University of Manchester

Project Co-Funded by the European Commission within the Sixth Framework Programme (2002-2006)
Dissemination in level

PU Public
PP Restricted to other programme participants (including the Commission Services)
RE Restricted to a group specified by the consortium (including the Commission Services)
CO Confidential, only for members of the consortium (including the Commission Services)

1



MODNET report on activities: Work Package VI, 2007

In the following, members of Modnet teams are identified by an asterisk
(*) when first mentioned; Modnet fellows are indicated by a double asterisk
(**); external experts and collaborators who were identified as having a close
involvement with the project in the original proposal are identified by a triple
asterisk (***).

Task VI.1: Finitely presented groups

In [A. Pillay*, Forking in the Free Group, J. Inst. de Math. de Jussieu, to
appear] the impact of Sela’s result on the stability of the (theory) of the free
noncommutative group is studied. Genericity is characterized. Non CM-
triviality of the theory of the free group is proved. These results use also
recent results of Bestvina and Feign.

In [A. Pillay, Remarks on multivalued algebraic groups] it is proved that
multivalued algebraic groups in the sense of Buchastaber, “usually” are as-
sociated to algebraic groups. This uses Hrushovski’s group configuration
theorem.

Task VI.3: Pseudofinite groups

The material of Elwes and Ryten, who are both former PhD students
of Macpherson* (Contractor 3), on asymptotic classes of finite groups and
on measurable groups, has developed further. The PhD thesis of Ryten is
complete, and it remains for him to write up papers for publication, and the
paper of Elwes and Ryten is about to appear in Math. Logic Quarterly. The
results were reported in MVI.2.

The work of Liebeck, Macpherson, and Tent*** on primitive ultraprod-
ucts of finite primitive permutation groups has also progressed and a manuscript
is being checked by the authors prior to submission. An interesting by-
product of this is a uniform definability result on maximal subgroups of
finite simple groups (Task VI.3(a)).

For any Chevalley type Chev of finite simple groups (possibly twisted, but
of fixed Lie rank) and any number c > 0, there are finitely many formulas
φ1, . . . , φn (where b depends on Chev and c) such that if G = Chev(q) (q a
prime power) and H is a maximal subgroup of G, then either H is definable
in G by one of the formulas φ1, . . . , φn (with parameters), or H is essentially
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of the form Chev(q′) where q = (q′)r for some prime r > c. This generalises
a result of Hrushovski*** and Pillay over prime fields.

In the general area of VI.3 (but related also closely related to V), Macpher-
son has a PhD student, Pietro dello Stritto, who is working on simple mea-
surable groups with a definable spherical Moufang BN pair of Tits rank at
least 2. He is close to completing a proof that such groups are Chevalley
groups, possibly twisted, over a measurable field. The core of this is the
classification of measurable Moufang generalised quadrangles and asymp-
totic classes of finite Moufang generalised quadrangles. Dello Stritto, who
has been funded by MATHLOGAPS (MEST-CT-2004 504029), will shortly
commence a 4-month MODNET appointment with Contractor 4.

Task VI.4 Modules

Puninski*, Puninskaya*** and Toffalori* [G. Puninski, V. Puninskaya,
C. Toffalori, Krull-Gabriel dimension and the model-theoretic complexity of
the category of modules over group rings of finite groups, submitted] show
that if G is a non-trivial finite group then there is a superdecomposable
pure-injective module over the integral group ring ZG.

An old question, originating in the theory of decidable locally finite vari-
eties is to classify finite rings with decidable theory of modules. In Puninski
and Toffalori [Towards the decidability of the theory of modules over commu-
tative finite rings, submitted] make substantial progress on this problem for
finite commutative rings. In particular, using the recent Klinger-Levy classifi-
cation of finitely generated modules over commutative noetherian rings, they
prove that wildness implies undecidability in this case (that supports Prest’s
conjecture that decidability is equivalent to tameness). Furthermore the tame
case is narrowed down to a very paricular class of rings which are close to
Gelfand-Ponomarev algebras (over finite fields) and so further progress de-
pends on understanding the theory of infinite dimensional representations of
such algebras. That paper also clarifies issues around relating explicit infor-
mation about the Ziegler topology to decidability of the modules. The linked
issues of decidability and algebraic complexity of the category of modules are
also investigated in [V. Puninskaya, C. Toffalori, Superdecomposable pure in-
jective modules over commutative Noetherian rings, submitted]. Decidability
for modules over valuation domains with a dense archimedean value group is
proved in [G. Puninski, V. Puninskaya, C. Toffalori, Decidability of the the-
ory of modules over commutative valuation domains, Annals Pure Applied
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Logic 145 (2007), 258-275].
A number of notions of minimality are investigated in the context of

modules over serial rings in [S. L’Innocente***, V. Puninskaya, C. Toffalori,
Minimal modules over serial rings, Comm. Algebra, to appear].

Garkusha** (ER, Contractor 8) and Prest* (Contractor 8) extended their
results reported in MVI.2 to arbitrary commutative rings [G. Garkusha and
M. Prest, Torsion classes of finite type and spectra, to appear in K-theory
and Noncommutative Geometry (Valladolid, 2006), European Math. Soc.].

Prest and MATHLOGAPS-funded research student Rajani, investigated
the extent to which a Ziegler spectrum can be defined in the context of G-
sets, G a group. They also showed that the correspondence between finitely
presented functors and positively-existentially-defined imaginaries which is
seen in the parallel additive and set-based cases does not hold for categories
enriched in the category of affine spaces.

Prest has essentially completed preparing a monograph which includes
a functorial treatment of interpretations between categories of modules [M.
Prest, Purity, Spectra and Localisation, accepted for publication by Cam-
bridge University Press].
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